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Abstract

Jiang and Tanner (2008) consider a method of classification using the Gibbs posterior
which is directedly constructed from the empirical classification errors. They propose an
algorithm to sample from the Gibbs posterior which utilizes a smoothed approximation of
the empirical classification error, via a Gibbs sampler with augmented latent variables. In
this paper, we note some drawbacks of this algorithm and propose an alternative method
for sampling from the Gibbs posterior, based on the Metropolis algorithm. Numerical
performance of the algorithms are examined and compared via simulated data. We find
that the Metropolis algorithm produces good classification results at an improved speed

of computation.

1 Introduction

1.1 Gibbs posterior

The problem of interest here is to predict y, a {0,1} response, based on z, a vector of
predictors of dimension dim(z) = K. We have D" = (y®,z())? the observed data with
sample size n, typically assumed to form n iid (independent and identically distributed) copies
of (y,z). We are interested in predicting y by a linear classification rule I[z73 > 0] indexed
by a parameter b, and try to minimize the classification risk R(3) = P*{y # I(z73 > 0)}.
For this purpose, one can use a Gibbs posterior (see, e.g., Zhang 2006, Jiang and Tanner

2008) over 3 € Q for some parameter space Q C R¥:

!Techinical Report 09-01, Department of Statistics, Northwestern University. The Octave programs for the
newly proposed Metropolis algorithm are downloadable at
http://newton.stats.northwestern.edu/~jiang/gibbscompute/metro5.zip

An R package is also available upon request.
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where 7 is a prior over § € 2, and ¥ > 0 is a constant (‘the inverse temperature’), which will
be taked to be 1 unless otherwise noted.

Here R, is a sample version of R depending on data D". Examples include:

(i) R, = n-1 Yo I[y(i) # A = —p~ It Yo log{Aiew(y(i)_l) +(1— Ai)e_wy(i)}, where
A = I[(z")7TB > 0];

(i) Ry = -0~ 17 log{®;e¥@” =D 4 (1 — &;)e=¥¥"}, where ®; = ®(0c~(z)TB), &

is the standard normal cumulative density function, and o is a scaling factor.

Choices (ii) and (i) are close when ¢ — 0 but Choice (ii) makes R,, smooth in 5. Jiang
and Tanner (2008, Section 7) proposed the use of (ii) since R,, in (ii) is related to a mixture
model and can be used to simulate the posterior by the Gibbs sampler with augmented data,

so that all conditional distributions are standard.

1.2 Variable selection and parameterization

Jiang and Tanner (2008, Section 4.2) propose a parameterization of 5 so as to allow a subset
of x components to be used for classification with variable selection. For this purpose, the
parameter vector 3 = (ﬂj){( is replaced by the following parameters: (7,61,57), where (1
is the first component of 5 and can be standardized as 3; € {—1,+1}, following Horowitz
(1992). The integer vector v = (v;)¥ is the ‘model’ indicator with v; = I[3; # 0], noting
which components of § are nonzero (therefore v; = 1). The vector BV includes real valued
components (3;);j>1,,=1. The Gibbs posterior is induced by a prior 7 on 3 € €, which could
be equivalently specified by placing a prior on the parameters (-, ﬁl,ﬁiy). A Gibbs posterior
is then obtained as w(d3|D") o e "¥nB)7r(dB). In the following section we will consider a

normal-binary prior for (v, 41, ﬁy)

1.3 A prior specification (normal-binary)

For the prior 7, suppose conditional on v, 3 is independent of 5v (the subset of (/Bj)é( with

v; = 1), B1|y = +1 with probability 0.5 each, and 3, |y ~ N(0, V), according to the prior .



The following remarks specify the prior on v (the ‘model’ indicators). We impose zo = 1 to
correspond to the intercept 32, which is always included in the model, so that v = 1 always.
Also 1 = 1, which corresponds to always including the signed coefficient 3; € {—1,1} due
to the standardization of Horowitz (1992). For (’yj)]K:g, we assume that they are iid binary
with selection probability A and size restriction #. Conceptually, one first generates 5 = ¥1%,
where ¥1 2 = 1, and ’Vy?f( are iid binary with selection probability A. Then set v = 4 only when

K o _
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1.4 The Gibbs sampler algorithm of Jiang and Tanner (2008, Section 7)

Consider the smoothed sample risk function R,, in (ii). It is noted that
n
e P o [TH@apt” (1 —p)' = 4 (1 - @i)ph” (1 - po) "),
i=1
where ®; = ®(c~(2))73), ® is the standard normal cumulative density function, and o is
a scaling factor, po = 1/(1 + e¥) and p; = e¥ /(1 + e¥).

This can be recognized as the likelihood for a mixture of two binary models with mix-
ing probability ®;, suggesting a data augmentation method incorporating latent variables
Z = (2O, where Z(®) are independent N((z)73,0), so that y®|Z® are independent
Bin(l,pl[z(i)>0}). The Gibbs sampler can be used to obtain the joint distribution of (Z,~, (),
where all full conditional distributions are standard. We integrate over 3, and use the dis-
tribution 7|Z instead of v|Z, 3, in the Gibbs sampler.

Define 7 = (61,67), ¥ = (81,73, .., 7K ), and let B,Y include Bj’s (j = 2,3,..., K) with
v; = 1. (Note that y; = 72 = 1.) Consider the following MCMC algorithm starting from any
initial position. For t = 1,2, ...:

(Step 1). Sample Zﬂﬁf/_lﬁt_l;

(Step 2). Sample 7| Z¢;

(Step 3). Sample ny\fyt,Zt.

The details of these three steps are described in Jiang and Tanner (2008, Section 7). They

note that all the conditional distributions are standard.



1.5 Drawbacks of the Jiang and Tanner (2008, Section 7) algorithm.

Despite the attractiveness of the above algorithm regarding the standard conditional distribu-
tions, in several simulation experiments, we find (see Section 3) that this algorithm may not
do well in minimizing the classification risk. One undesirable feature is that Step 2 involves
updating the model indexes ’y?f( component by component. This is very inefficient when K
is large and can lead to slow convergence.

A more fundamental weakness is revealed when we closely examine Step 3 of the Jiang

and Tanner (2008, Section 7) algorithm, which, when omitting the time index ¢, is as follows:
Step 3: Simulate 3,(61,7,Z ~ N {(J2V,Y_l + )N(,F;FXW)_lXE/FZ(Bl), 02(J2V'y—1 + Xf{f(y)_l}.

Here X, represents the design matrix of [:cgl)] with ¢ € {1,...,n} and j includes all indexes
j > 1such that v = 1, Z(81) = (ZO(B),..., Z™(B1))T where 20 (8y) = 20 — 27,
Although this is a standard distribution, we notice that the standard deviation is of order
O(o) for small smoothing parameter o. Therefore the update size in ﬁ:, will be small in
this case, resulting in slow convergence. On the other hand, the smoothing parameter o is
required to be small to have good classification performance, since the smoothing risk (ii) will
be close to the unsmoothed classfication error (i). Therefore, there may be situations when
no choice of the smoothing parameter can simultaneously satisfy the goals of the classfication

accuracy and speedy computation. In particular, this algorithm will not be able to handle

the Gibbs posterior using the unsmoothed risk (i) (corresponding to o = 0).

2 Metropolis Algorithm

In order to simulate from the Gibbs posterior with any amount of smoothing in the risk
(including the unsmoothed case (i)), we propose a Metropolis algorithm which will not be
slowed by a small o or even ¢ = 0. This algorithm is also more efficient than the componen-
twise updates of the model indexes for large K, since here the computation of each iteration
will no longer scale with K.

For variable selection purposes, the Metropolis algorithm can have a ‘between’ step to

propose deletion / addition, or swapping of variables as described in Brown, Vannucci and



Fearn (2002) in the classical Bayesian context. We modify the algorithm of Brown, Vannucci
and Fearn (2002) for the Gibbs posterior and add a ‘within’ step to update the parameter
values when the model indicators are fixed. The reason is that the nonzero “regression
coefficient” parameters BV cannot be integrated away analytically in general.

In the Metropolis algorithm below for each j = 3,..., K, denote ¢(§;) as the density
of N (O,agdd), which is used as the proposal density for a move to a possibly nonzero new
location 3; from the previous location 0. Let 7(5|D™) represent the density of the target
Gibbs posterior. To allow moves among all possible models and parameters, each iteration of
the algorithm is a composite transition (3 — 3" — $*) that combines BETWEEN steps that
propose changes between different models, as well as WITHIN steps that propose changes of
parameters within a fixed model. These steps are then given as:

BETWEEN steps I and II: These update 3 to 3’ with model indexes changing.

I: (add/delete): Randomly choose an index j € {3,...,, K}. (Note that v =2 = 1.)
I(i) (delete) If v; = 1, propose 75» = 0 and propose a move from 3; to ﬂ;- = 0, with all
remaining components of 5 unchanged. This proposal is accepted with probability
i {1, T 12"5) |
m(B|D")
I(ii) (add) If v; = 0, propose ’yg- =1 and propose a move from 3; = 0 to ﬂ;- ~ N(0,02,)),
with all remaining components of 8 unchanged. This proposal is accepted with probability
) (3’| D™
e {1’ i) } |
Il: (swap): Let Ip = {k: v =0,ke{3,.,K}} and I = {k:y=1,ke {3,...K}}.
When Iy and I; are both non-empty, randomly choose an index k from Iy and randomly
choose an index [ from I.
Propose v}, = 1 and ] = 0, and propose a move from S = 0 to B, ~ N(0,02,,), as well
as a move from (3 to §] = 0. This proposal is accepted with probability
. {17 ~(1D"a() } |
m(B1D™)q(By,)

WITHIN step III: These update 5’ to 3* with model indexes fixed and with the nonzero

values of (3’s changed.



IIT: (within): Propose a move from ] to 8 ~ Bin(1,0.5), as well as a move from B; to

Bf; ~ N(Bﬁ/, ng(zjiz ’Yj)X(Zjiz “/j))’ accepted with probability
) w(G*| D™
min {1, 77((%‘1)”))} .

The steps LII, III are then cycled in the iterations. Alternatively, I or II can be randomly
chosen with probability 0.5 each, and followed by III in each iteration. This second option is
used unless otherwise noted.

In Section 3, we also consider the situation when 3 is not standardized to be £1 and when
~1 is not constrained to be 1. The algorithm can be obtained from above by changing the
index set from {3, ..., K} to {1, 3, ..., K} (noting that the index 2 corresponds to the ‘intercept’
term and is always included) and by incorporating 31 to the continuous components ﬁy when

they are being updated.

3 Simulations

3.1 Models for simulation

For each simulation, a “training set” includes (¥, y®)?_  which are iid realizations of (z,y).
We will use dim(z) = K = 50, n = 30. An iid realization of “testing set” is also generated
with size ngse = 200 for each simulation. We consider the following two models for the Data

Generation Process (DGP).

1. Simulation model 1 of DGP: “mwn”.

Ply =0 =05 = Ply =1]. Plzeg =1y =0 =1 = Plza = 1|y = 1] so that x9

corresponds to the intercept term. For j # 2,
()iz2ly =0~ N(()jz2: 5" Ik 1),
(@))iz2ly =1~ N(()jz2: 5" LK),

where M;E =0 for j € {4,5,...,K} and u;-t = 40 for j € {1,3}. We choose 6 = 0.5 and
s? = 0.09.

2. Simulation model 2 of DGP: “fivedot”.



3.2

For each j € {4,5,..., K}, z; are Uniform[-1,1]. Plzy = 1] = 1 so that x corresponds
to the intercept term. For j € {1,3},P[(z1,x3) = (0,0)] = 0.75, P[(z1,x3) = (s1,82)] =
1/16 for any s; € {—1,1} and so € {—1,1}. y = I[(z1,23) # (0,0)]. We name this

model “fivedot” since the design points of (z1,x3) form a set of five points.

Algorithms to be compared

We consider the following algorithms:

(A).

3.3

“Lee.et.al.”: This is a Gibbs sampler algorithm of Lee et. al. (2003), for sampling
from the likelihood-based posterior under the probit regression model. Although this is
not sampling from a Gibbs posterior that is directly constructed from the classification
error, we still include it for comparison purposes, since this method is commonly used

for classification.

. “Sec7”: This is the Gibbs sampler algorithm of Jiang and Tanner (2008, Section 7),

for sampling from the Gibbs posterior based on a smoothed sample classification error.
(The smoothing parameter is o which is the standard deviation of an augmented normal
variable. “Sec7.2” uses o = 0.2 and “Sec7.02” uses ¢ = 0.02). In the simulations with
the Sec7 algorithms, we cycle through Steps 2, 3, 1 and use a random ordering when

updating the model indexes in Step 2.

. “Metropolis”: This is the Metropolis algorithm to sample from a Gibbs posterior

constructed from the original sample classification error without smoothing (o = 0).
(We use 0444 = 1 and o, = 1 for the proposal densities in the BETWEEN and WITHIN

steps, respectively.)

Measures of classification performance

Jiang and Tanner (2008) studied the mean classification performance when classification rules

(parameterized by () are obtained randomly from the Gibbs posterior. Given one training

data set D = (2, y®)7_, when a section of the Markov chain {5*(D)}!7® (after a burn-in

tmin

period) is simulated from a posterior distribution, the mean performance is approximated by

the average over these iterations. For any algorithm described above, based on one training



data set D, the training error averaged over iterations tmin + 1 to tmax is then defined as:

tmax
AV.TR.ERR(D, D)min tmaz = (tmaz — tmz‘n)_l Z nt Z \y Tﬂt( ) > 0)].
t=tmin+1 i=1

The corresponding average testing error is obtained by the performance on an independent

data set D* = (w*(i)7y*(l))zbtsf7

tmax
AV.TST.ERR(D, D*)tmin tmas = (tmaz—tmin) ™ nt5t2|y*<z (z*OT8H(D) > 0)].
t=tmin+1 i=1

We use tmin = 1500 and tmax = 2000 unless otherwise noted.

When simulations are repeated nrep times (we will use nrep = 50), for each simulation
s =1,...,nrep, a training set D(s) and a testing set D*(s) will be generated independently.
The average performance (in training and testing errors) over these nrep simulations will

then be, respectively,

nrep

AV.TR.ERR,® = (nrep)™ Y AV.TR.ERR(D(s), D(S))tmin.tmaz, and
s=1
nrep

AV.TST.ERRy® | = (nrep)™' Y AV.TST.ERR(D(s), D*(5))tmin.tmaa-
s=1

It is such criteria that are compared for the different algorithms in our study.

3.4 Results

1. (Computing time.) We used Octave (which is the same as MATLAB) on a linux PC
machine (Pentium 4HT, 3.2 GHz, 512 MB RAM), and ran 2000 iterations for all the
methods. It took per unit time about 7 min (for each of the 50 simulations) for the Sec7
methods, and per unit time about 5 min for the Lee.et.al. method. The Metropolis
method takes per unit time about 2 min when steps LI, III are cycled in the iterations.

(The time will decrease when I or II is randomly chosen in each iteration.)

2. (When [ is normalized.)

We ran 50 simulations and averaging over the repeated simulations, the results are
shown in Table 1. In Table 1, Sec7 performs very poorly for the mvn model. We found
that it is related to the 8;. When 81 = —1, the classification result is poor for “mvn”,

but when o is small, it is very difficult for Sec7 algorithms to move 3y from —1 to +1.



(Note that this would not affect the fivedot model which is symmetric in classification
performance regarding whether 31 = 1 or —1 is used.) By examining a detailed descrip-
tion of Step 2 in Jiang and Tanner (2008, Section 7), we found that the probability of

such a move is exponentially small, roughly of order e~ (B1/0®)x(positive const)

. This may
be resolved either by standardizing |31| to be smaller than 1 (e.g., of order ), or use
unrestricted B1. The latter approach is appealing since it allows ;1 to be entered sym-
metrically as other coefficients and is more parallel to Lee.et.al.’s approach. Although

the classification rule is invariant to a scale change of all 3;’s, the coefficients will not

be too large due to the use of normal priors.

Table 1: Average performance over iterations 1501 to 2000, averaged over 50 simulations.

(61 normalized to {—1,+1} in all methods except Lee.et.al.).

‘‘mvn’’ Lee.et.al. Sec7.2 Sec7.02 Metropolis

training error 0.035364 0.250579 0.345784 0.044019

test error 0.066643 0.336689 0.386133 0.086691
‘‘fivedot’’: Lee.et.al. Sec7.2 Sec7.02 Metropolis

training error 0.21617 0.13141 0.16233 0.10168
test error 0.29310 0.15528 0.16708 0.15045

Note: In the Metropolis algorithm here, steps I, 11, III are cycled in each iteration. Also, we applied
a size restriction 3 to the Lee.et.al. method which does not normalize 31, and a size restriction 4 for

all other methods which do impose normalization 5, € {—1, 1}.

3. (When (3 is unrestricted.)

When we use the approach without normalizing §1, we obtain the results in Table 2.
Comparing these results to those in Table 1, for the mvn model, we notice that the
performance of Sec7 algorithms without standardizing 3; improves dramatically. (How-
ever, the Lee.et.al. method still performs the best.) Comparing to Table 1 for the five-

dot model, the performance without standardization is slightly worse. This is a case



where linear classification is not the optimal rule, where the Lee.et.al. method using

the likelihood-based posterior performs the worst.

Table 2: Average performance over iterations 1501 to 2000, averaged over 50 simulations.

(61 unrestricted)

‘‘mvn’’ Lee.et.al. Sec7.2 Sec7.02  Metropolis
mean training error 0.040283 0.063457 0.068791 0.045165
mean test error 0.073354 0.107584 0.100987 0.097986
‘‘fivedot’’ Lee.et.al. Sec7.2 Sec7.02  Metropolis
mean training error 0.20327 0.15933  0.21289 0.12384
mean test error 0.29908 0.20279  0.22966 0.18175

Note: In the Metropolis algorithm here, Steps I or II are randomly chosen with probability 0.5 each,
and followed by III in each iteration. Also, we applied a size restriction 4 to the Lee.et.al. method,

same as what is used for other methods.

4. (Choice of parameters.)

We used the choice ¢» = 1 and o € {0.2,0.02}. The other parameter choices are
V, = C(X:;FXZ, +0.000001 * I)~!, ¢ = n; A = 0.05; size restriction is 7 = 4; in these
simulations. The term 0.000001 * I was added to avoid singular matrix inversion. The
total number of iterations is 2000; first 1500 are run-in, where the performance of the
last 500 outcomes are averaged. We always include the intercept term. In the Gibbs
posterior-based methods (for Sec7 algorithm and the Metropolis) we applied a size
restriction 7 = 4. For the likelihood-based posterior (with Lee.et.al method) all j3;
components enter symmetrically and we applied a size restriction (taken to be 3 in
Table 1 and 4 in Table 2), which is a favorable modification for this method since here
x1, xo and x3 are relevant variables in data generation, while the original Lee et al.

method does not have a size restriction.

5. (Slowness of Sec7 algorithm.) In Table 2, for data generated under the “fivedot” model,
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the performance of algorithm Sec7.02 (with o = 0.02) is worse than Sec7.2 (with o =
0.2) when both are run for 2000 iterations with last 1/4 (i.e. 500 iterations) used in
evaluation. This may be because the algorithm Sec7.02 updates much more slowly due
to the small 0. We suspect that running Sec7.02 longer will improve the performance.
To confirm this, we ran 50 more simulations under the “fivedot” model, with the number
of iterations being 20000. (Each simulation now takes about 70 minutes.) In Figure 1,
the average performance (training error and test error) over 50 simulations are plotted,
which are averaged over 40 time periods, each with 500-iterations: Iterations 1-500,
Iterations 501-1000, ..., Iterations 19501-20000. We note that in this case indeed there

is a slow improvement over time in classification performance.
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Figure 1: Mean performance over 50 simulations from the ‘fivedot’” model, averaged over
40 time periods each with 500 iterations. Crosses are for training errors and circles are for

testing errors.

6. (Choice on the inverse temperature 1.) Regarding the choice of 1, up to this point
we used ¢ = 1. Now we run the analysis for ¢ = (1/8,1/4,1/2,1,2,4,8,16) using the

Metropolis method for 2000 and 4000 iterations, where the average performances of last

11



1/4 of iterations are used, and averaged over 50 simulations. The average test errors

are reported below in Table 3, where it seems that any choice ¥ > 1 works well.
Table 3: Average test error over 50 simulations using Metropolis. (1 unrestricted)

model=‘mvn’

psi 1/8 1/4 1/2 1 2 4 8 16
average over

(1501-2000) 0.487 0.454 0.293 0.106 0.089 0.074 0.088 0.081
(3000-4000) 0.485 0.452 0.267 0.107 0.078 0.075 0.083 0.075

model=‘fivedot’

psi 1/8 1/4 1/2 1 2 4 8 16
average over

(1501-2000) 0.427 0.368 0.284 0.174 0.155 0.156 0.179 0.146
(3000-4000) 0.427 0.372 0.287 0.185 0.146 0.154 0.185 0.144

Note: In the Metropolis algorithm here, Steps I or II are randomly chosen with probability 0.5 each,

and followed by III in each iteration.

4 Discussion

Jiang and Tanner (2008, Section 7) proposed an algorithm for simulating from the Gibbs
posterior. In this paper, we show that this algorithm may perform poorly even after a
reasonably long computation time, due to a number of reasons. Although removing the
normalization of a signed regression coefficient may improve the performance, we propose
an alternative Metropolis algorithm for simulating from the Gibbs posterior, which generally
performs well and converges much faster. The proposed Metropolis algorithm is compared to
the Sec7 algorithms (based on Jiang and Tanner 2008) as well as to the Lee.et.al. algorithm
(based on Lee et al. 2003) when applied to some simulated data.

When data are generated under the “fivedot” model, the Lee.et.al. algorithm performs

12



the worst, while all other algorithms have smaller testing errors. All these methods are
designed to generate linear classification rules. The performance is different because Lee.et.al.
method uses a likelihood based posterior which requires the correct model specification. Here,
however, the linear classification rules are ‘misspecified’ in the sense that it will not generate
the best possible Bayes rule. In this case, the Gibbs posterior based on sample classification
errors (whether smoothed or not) performs better.

When data are generated under the “mvn” model, the Lee.et.al. algorithm performs very
well. The reason is that their method uses a likelihood based on probit regression of y|x, which
is very close to the true model of logistic regression (as implied by the mixture of two normal
distributions of z|y). The performance is even better than that of the Gibbs posterior using
the Metropolis algorithm, which directly uses the empirical classification error to construct
the posterior and does not require the correct specification of the likelihood. This shows that
while the likelihood-based posterior is model dependent, when the model is not very much
misspecified, its performance can still be very good.

Taking into account these experiments, we see that the Metropolis is generally preferable
to the Sec7 methods, and works much faster than all other methods (especially when K =
dim(z) is high). It can also work much better than the Lee.et.al. method when there is

model misspecification and is not much worse when the model is correctly specified.
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