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2 Recent experiments and theoretical studies show that AdaBoost can overfit in the limit
of large time. If running the algorithm forever is suboptimal, a natural question is how low
can the prediction error be during the process of AdaBoost? We show under general regularity
conditions that during the process of AdaBoost a consistent prediction is generated, which has
the prediction error approximating the optimal Bayes error as the sample size increases. This
result suggests that, while running the algorithm forever can be suboptimal, it is reasonable to
expect that some regularization method via truncation of the process may lead to a near-optimal

performance.

1. Introduction. Some recent experimental results [e.g., Friedman, Hastie and Tibshirani
(1999); Grove and Schuurmans (1998); Mason et al. (1998)] and theoretical examples [Jiang (1999)]
suggest that the AdaBoost algorithm [e.g., Schapire (1999); Freund and Schapire (1997)] can overfit in
the limit of (very) large time (or the number of rounds of AdaBoost), despite the observation that the
algorithm is often found to be resistant to overfitting after running hundreds of rounds. Jiang (1999)
provides examples where it can be shown that the prediction error of Adaboost [PE(AdaBoost}),
depending on the sample size n and the time t] is asymptotically suboptimal at t = oo, in the sense
that the prediction at ¢ = oo is not consistent. Here by consistency of a prediction we mean that as
the sample size n increases, the prediction based on the sample has a prediction error that converges
to the optimal Bayes error. When running the unmodified AdaBoost algorithm forever (¢ = o0), there
are situations when the resulting prediction error converges to a suboptimal value larger than the
optimal Bayes error as the sample size n increases, i.e., lim, o« PE(AdaBoost!=>°) > Bayes Error.

If running the algorithm forever can be suboptimal, a natural question is how low a prediction
error PE(AdaBoost!,) can AdaBoost achieve during the process of t7 Can AdaBoost generate a
prediction during the process that can have a nearly optimal prediction error as n increases? Is it
true that lim, o infieq1 23, ) PE(AdaBoost!) = Bayes Error? If this last formula holds, then
we say that AdaBoost is process consistent. As far as we know this problem has not been addressed
in the previous literature. The bounds on the prediction error obtained before [e.g., Schapire et
al. (1998) and Breiman (1997)] are all semi-empirical in the sense that they involve some sample
quantities (related to the margin or the top) and are not compared to the optimal Bayes error.
This problem of process consistency is also theoretically important since the process consistency

would imply that even though running the AdaBoost algorithm forever may be suboptimal, the

1See also revised version submitted on November 25, 2000 at

http://neyman.stats.nwu.edu /jiang/boost /boost.process2.ps
2 AMS 1991 subject classifications. Primary 62G99; secondary 68T99.
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algorithm does achieve a good asymptotic performance at some time during the process. Therefore
it is reasonable to expect that some regularization method via truncation of the process may lead
to a near-optimal performance.

In a recent work, Breiman (2000) considers the case n = oo and shows that this population
version of AdaBoost typically leads to a limiting prediction that achieves the optimal Bayes error as
t increases. That is, lims— o PE(AdaBoostf‘lZoo) = Bayes Error. We will utilize some of his results
to study the asymptotic behavior of the sample version of AdaBoost, in particular, the problem of
process consistency. We will show that Adaboost is process consistent under very general regularity
conditions. Therefore even though running the algorithm forever is often suboptimal, the algorithm
does achieve a good asymptotic performance at some time during the process; and a systematic study
on regularization by truncating the process may be a reasonable direction for future research. Below

we introduce the notation and the main results.

2. Notation and main results. Let (X, Z;)7 and (X, Z) be iid (independent and identically
distributed) random quantities valued in [0, 1]¢ x {£1}. Let H be a base hypothesis space, which is
a set of functions f : [0,1]¢ s {1}. Let C,,(F) = n~ 37 e~ Z:F(Xi) (the AdaBoost cost function),
Coo(F) = Ee=2F(X) (the population version). For each n = 1,2,..., 00 define the following sequen-
tial fits. They define the sample version and the population version (for n = 00) of the AdaBoost
algorithm. F? = 0, and for t = 1,2,..., F! = F!=1 4 ol fi. The resulting prediction at step ¢ is

sgno F!.

o ft— o t—1 to_ L 126 :
Here f] =argmaxseg A7 (f) and o], = 5 log (mﬁ . We use the notation

ALYy =nt Zefz-"F;_](X‘f)ij(Xj),
j=1

AIZY(f) = Be™?F= "X Z1(X),
25, = AN /Cu(FETY).

The goodness of any prediction of the form sgn o F' is measured by the misclassification probability
L. (F) = P[Z # sgn o F(X)]. The gold-standard is the Bayes error Lo(Fg) = P[Z # sgn o
Fp(X)] where Fp(X) = %log {PP((ZZ:;EE;))} corresponding to the optimal Bayes prediction. If a
sequence of predictions sgn o F,,, possibly depending on the data § = (X;, Z;)}, has a prediction
error EgLoo(Fy) = Loo(FB), then we say that the prediction is consistent. We will show that there
is a sequence ¢, such that the prediction sgn o F» generated by AdaBoost is consistent. Therefore
the lowest point of the prediction error during the process of AdaBoost is close to the gold-standard
for large sample sizes.

We will use the following regularity conditions:

(I) [Population Solution]. For any sequence (allowing possible multiple solutions) F? of fits from

the population version of AdaBoost, one has lim¢ o ||[F, — Fpl|r2(py) = 0.

(IT) [Base Hypothesis Space]. The VC (Vapnik-Chervonenkis) dimension of H is finite, i.c.,
VC(H) < oo. [For the concept of the VC dimension, see, e.g., Anthony and Biggs (1992,
Chapter 7).]

(ITI) [Population Coefficients]. The coefficients in the population AdaBoost are all finite, i.e., |ai | <

oo for all s.
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(IV) [t-Step ‘Consistency’]. Given any t and any sample realization S such that D! _ =

SUD ey ALY f) — ALSLH(F)] = on(1), given a sequence f! = argmaxsey ALN(f), 3 fL =

argmaxyeg ALT(f) such that ||ff — fL ]|z, (py) = on(1).

(V) [t-Step ‘Nonflatness’]. For each ¢, for some constant C; that does not depend on n, we have
lf — f;OHiZ(Px) < 0.5CHALZY (L) — ALZYH(f)H1 + o(1)} for some ¢ > 1, whenever ||f —
Fellpaipyy = o(1).

THEOREM. (Process Consistency for AdaBoost). Under conditions (I) to (V), there exists a
sequence t,, such that lim, . EsL.(F!") = Lo(Fp) [and therefore lim,, .o inf; EsLo(F}) =
L. (Fp) also].

REMARKS.

1. Condition (I) holds due to Theorem 3 of Breiman (2000), if Fi(+) is continuous and if the linear

span of H is complete in Ly(Px).
2. Condition (IT) typically holds.

3. Condition (III) is plausible and basically prohibits a perfect population fit by the base space H

at each step of ‘base learning’.

4. Condition (IV) basically says that at each step of base learning in AdaBoost, whenever the sample
and population criterion functions are uniformly close to each other, the sets of maximizers also
need to be close to each other. This condition is satisfied in typical cases when f in H is the
sign transformation of a function that is continuously parameterized in a compact parameter

space.

5. Condition (V) essentially says something about the nonflatness of the population criterion func-
tion at its peak, for each step of base learning in AdaBoost. When the criterion function
ALZL(f) gets close to its maximum, the corresponding function f needs to get close to the
maximizer at some polynomial rate. This seems to be a very relaxed condition since the rate
can be arbitrarily slow (by choosing some large ¢). However the condition may be hard to
check in practice. We did check that the condition is satisfied (with ¢ = 2) when H is the
family of step functions on [0,1] [H = {s-sgn(- —a) : s € {-1,1},a € [0,1]}], provided that
X has a nonzero density function m such that inf,cp,1)7(z) > 0 and that pu(z) = E(Z]z) is a
continuously differentiable function with derivatives bounded away from zero at the ‘crossing
points” in A* = {z: z €[0,1], F{, () = Fp(z)}, i.e., infyear |/ ()] > 0, for each ¢.

6. The proof is nonconstructive and we do not know what a rate t,, can take. Presumably some t,,
that increases to infinity very slowly will work. This is because as £,, = oo, the ‘approximation
error’ is related to |[Flr — Fp||p,(py) Which goes to zero. On the other hand if the growth
t, is slow enough, the sample AdaBoost fit Fi'» is sufficiently close to the population version
Fl» for large n. This is actually the main intuition behind the proof, which uses a method of

induction over t.

Proof for the Theorem:
To prove the theorem we first consider a slightly more general setup and formulate some general

sufficient conditions for process consistency in Proposition 1 in the next section. Then we will check
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that these conditions are satisfied given the more primitive conditions (I) to (V) in the case of
AdaBoost. |

3. A slightly more general setup: generalized additive model (GAM) with sequential
fits. Denote p(z) = P[Z = 1|X = z]. Assume that p(z) = 1) o F(z) where ¢ is a strictly increasing,
continuously differentiable cdf (cumulative distribution function) such that ¢(0) = 0.5 [such that
sgn(F) = sgn(p — 1/2)] and ¢’ is a continuous pdf (probability density function) bounded on
RL. Here F is to be estimated by a sequential (t-step) additive fit F = 22:1 al fe, ol € R,
fi € H (H is a base hypothesis space), which may depend ou the data S = (X;, Z;)7, similar to the
previous section. Denote Fig = ¢! o p. As an example, in AdaBoost, ¢ = %, || < 0.5, and

LEMMA 1. Loo(F}) — Loo(FB) < 2|[¢'||<||F}, — FBll12(py)-

This is a variant of Corollary 6, Devroye, Gyorfi and Lugosi (1996), obtained by a first order Taylor
expansion. Here ||¢'||oc = sup,eg [ (z)|. Below we will use ||-|| to denote ||| 12 (p, ) unless otherwise
noted.

ProrosITION 1. (Process Consistency for Sequential GAM). Suppose that there exists a non-
stochastic sequence F of functions on the domain of X, independent of n, such that

(i) ||EL — EL || < b with probability Ps > 1 — al,;

fii) ||FL, — Fp]| < c';

where at , bt

T’ n?

¢! are nonnegative, ¢t — 0 as t — oo, and al,, b, = 0 as n — oo Vi.

Then, there is a sequence t(n) such that ESL(F,];(")) — L(Fp) = o,(1).

In the case of AdaBoost, F!_ was taken to be a population fit and (ii) is guaranteed via Condition
(I) by Theorem 3 of Breiman (2000); what we only need for proving the main theorem on process
consistency is to establish condition (i). This will be done in the next section.

Below we first prove the proposition itself in the GAM context.

Proof for Proposition 1.

Since the nonnegative sequences al,,bf, — 0 as n — oo Vt, there exists a sequence t(n) — oo

sufficiently slow, such that afz(n) , b%n) — 0 as n — oo. Also we have ¢ — 0,

Denote Y,, = Lx(Fé(n)) — L. (FB). Note that Y;, € [0,1] and for any € € [0, 1],

"€ ‘1
0< EsY, = / Y,dPs —|—/ Y,dPs
J 0 Je

SF+P[K1>F]

Now take € = 2||1/)’||Oo(b;(") + ¢*™)). Note that by the previous lemma, triangular inequality and

conditions (i) and (ii), we have
Y < (I1E = FXEN 4+ 1S = Foll) - 2016 |

<e
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ot

with probability Ps > 1 — a%(n). Therefore EgY,, < 2||1/)'||Oc(bfb(") + )y 4 afl(") =o0,(1). O

Now we prove condition (i) (convergence of the sequential fits) of the proposition for the case of

AdaBoost under more primitive conditions listed in the previous section.

4. Convergence of the sequential fits. The condition (i) of the proposition in the previous

section is established immediately via the following proposition:

PROPOSITION 2. (Convergence of the Sequential Fits). Suppose Conditions (I) to (V) hold with
some q > 2 (without loss of generality). Then, for any § > 0, for any t = 1,2.,...,, for some
nonnegative constant Ay that does not depend on n, there is a population AdaBoost fit F' such that
with probability Ps > 1 — 16tn=F

|EE — FL | < Ad(logn/m){VC(H) + BHY49 {1+ 0n(1)}.

So we only need to prove this proposition now, which is done by using the following lemma. If
this following lemma is true, then the proposition on ||F} — FZ || is easily proved by applying the

triangular inequalities to ||F! — F' || = || ZZ:l(afZ«f‘TgL —as 2l |

LEmMA 2. (Convergence Step-by-Step). Suppose all conditions (I) to (V) hold and g > 2 (without
loss of generality). Then for any 3 > 0, for some nonnegative constants A, that do not depend onn, we
can have ||f2—fo|]*¢ and |ai—aZ_| both bounded above by A,[(log n/n){VC(H)—I—/?}]UMS_I {140.(1)}
for all s = 1,2, ....t, with probability Ps at least 1 — 16tn—F

Now let, us prove this lemma ‘Convergence Step-by-Step’. This is done by a method of induction
that uses the following secondary lemmas, where we suppose that all conditions (I) to (V) hold and

q > 2 (without loss of generality). These secondary lemmas will be proved in the next section.

LemMma 3. AN = ALZE(fE)] < DTMO < Qi+ R where DY = sup;epy |[ALTY(f) -

ALF)]. Q1 = supjey nt Y e ZiE T X f(X )Zi — Be 28" X’f X)Z|. and R =
Ele ZF7NX) _ o 2R,

LEMMA 4. For any 8 > 0, we havet PS[QEl < U,,t‘l_tl]1 >1- 8n=F, and Ps[Q' < UL >
1—8n=P. Here Q4" = |n~! > e~ ZiF TN X)) _ Be=2FT N and

ULt = eXom %L /(B2Tog n/m) [VC(H)t 1 B} + (32/n)VC (H)tlogle/VC(H)}

+ 2eXm [l 20 oo Z|a:; —al]
s=1

LEMMA 5. Rt < elokltlon—ellgi-1 4 el o “lat — ot | + Oo|ax|ezs e =l =
}1/(1].
PX

LEMMA 6. |at —al | €0.5{(1 4((5t )T 4 (1= 4(8%)%) L H26E — 268 | and |26f, — 268 | <
{Cn(Fﬁ_l)}_l( +Rt 1+25t +2()t Rt 1)
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LEMMA 7. 0 < AUI(fL) — ALY fE) < 2Dt

7,00 °

LEMMA 8.  For the mazimizers ff and fi in Condition (IV), we have ||f} — ||iq2 Py

converges to zero.

C.D}, {1+ o0p(1)}, where op(1) is a term that converges to zero whenever D},

Now we prove Lemma 2 by induction and applying the secondary lemimas above.

Proof for Lemma 2:

Fort=1, D}  =supsey|n ' 20, f(Xi)Zi — Ef(X)Z is at most
V/(32logn/n){VC(H) + B}{1 + 0,(1)} with probability at least 1 — 827, for any 8 > 0, by the
VC uniform bounding technique (Lemmas 3 and 4). Under this event of D:L’Oo (or equivalently
under the event [Q¢,, < U?]), we have ||fL — fL ||? Ly(py) < C1 v (32logn/n){VC(H) + B}{1+o0.(1)}
(Lemma 8) and also |a} —al | < {1-4(%)2} 71 /(321logn/n){VC(H) + f}{1+0,(1)} (Lemma6).

The secondary lemmas then allow us to perform induction from time ¢ to t+ 1. If ¢ > 2 (without loss

of generality), then each step will result in an upperbound with a larger order [from (log n/n)l/z‘f_l

to (logn/n) 1/2‘1 ] due to the power 1/q in Lemma 5. These bounds for all s = 1,...,¢ will be valid
under the event Q?,;j Wl < UDL2:t=1 " which has probability at least 1 — (2t)(8n BY. This leads
to the proof. O

5. Proof for secondary lemmas. Proof for Lemma 5:
Note that

AL () = AL (L) = 1 sup ALH(F) — sup ALN(f)] < Dy,
feH feH '
Next, write
Dt =

sup [t IZ AT F(X0) 25 = Be 0 f(X) 2} 4 (B FITO0 - AI00) £ 7)),

apply the triangular inequality, and note that

sup |E(szp,j‘1(x) o ZFL 1(X)) X)Z| < E|672Ft Yx) 87ZFC;_1(X)|'
feH
This shows the further upperbound 1;1 + RiTL a

Proof for Lemma 4:

By the triangular inequalities,
Qi = Sup |n~t Z —ZiF," 1\X)f(X VZ; — Ee™ Ftil(X)f(X)Z|

is bounded above by T 4+ T» + T35 where

t—1 b t—1 5 s
T, = sup n- 12 B X (X) 7, - Be PR S0 () 7).
feH
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?

P
Ty = sup |n? Z ~Z; 3 el X C*Zizszlaocfn(Xi))'f(Xi)Zi

feH

and

Ty = sup [Be 22 @i _ o~ Y02, % hi00) £(x) 7,
feH

Both 75 and T3 can be shown to be bounded above by
t—1 t—1 t-1
- El b= s _ 8
ezsz1 ‘O‘w‘ez,g:] \a” am\ E |afb —
s=1

by applying a first order Taylor expansion. T} is bounded above by

2y o] V(32logn/n){VC(H)t + 3} + (32/n)VC (H)tlog{e/VC(H)}

with probability at least 1 — 827 F, for any 8 > 0, by applying the following proposition that is
proved in the same way as the VC result Theorem 12.5 Devroye et al. (1996):

ProprosITION 3. let W and W be i.i.d. random vectors, ¢ € ® a family of nonstochastic (pos-
sibly multivariate) functions defined on the domain of W, g a nonstochastic function such that

9(p(W), W) € [-M, M] for all W and all p € ®. let s(P,n) = maxwr card{p(W]*): ¢ € ®}. Then

Plsup n” 1Zg(so(W) D) — Eg(p(W),W)| > €] < 8s(®,n)e™"<" /324"

=1

for any € > 0 and

%1611; [n~ Zg((p — Eg(e(W),W)| < M/(32/n){logs(®,n) + Blogn}] > 1 —8n 7
ED

for all B > 0.

In our case set o = (f1,...,fY) e H' =&, W, = (Z;,X;), W = (Z,X). Then T is bounded above
by

s11p|nflz “ZY ek X gt (Xi)Z; — Ee™ 2y (X gt (X)Z|.

<P i=1

t—1, o
Here M can be taken as ezs=1 sl for application of the proposition and

s(®,n) < s(H,n)' = [rr)l(anxcard{f(X{L) . feH} <{en/VC(H)}\VCH?,

Combining the resulting bounds for 71, T> and T3 we obtain the lemma for the statement on Qtlgl

The proof for the statement on Q;;l is similar. 0O

Proof for Lemma 5:
Note that

Ele—ZF,‘L _ —ZF‘ |
_ E|e*ZF5_1e*Z“nf; _ esz;—lefzagch

< B(je” eI 4 B e A — PR ),
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Note that

o= Z0Fh] < el < elokltlal,—ol

and use a first order Taylor expansion to obtain
t—1 t t
|e—ZFOo ||e—Z(y”fn _ —Zry Wl
—Z(F!7N &t fEy ot gt t gt
S|€ = e ||O’ fn,_aoofoo

§| —Z(Fi i+

DI, = abe] + lakollf = £

where @&, f! is between of_ fI_(X) and of, ff(X). — fLl=05(f — L)%

=1 ~t s t _
e IS HaL L) < 30, Ikl [lad,—al \_
Combining these results we then get
t t
E|67ZF”— —ZF, |

< elosltlon —allple=2F7" _ o~ZFC

t—1, s t t ot
e R I ol — ol |+ 0|l (17 = el i) )

which proves the lemma. 0O

Proof for Lemma 6:

First it is easy to prove by a first order Taylor expansion that
o, — 0% | S 0.5{(1—4(65)*) ™" + (1 — 4(5,,)%) " H 247, — 20 ].
Then note that
1207, = 265 | = AL (fR)/Cu(F ) = ALH(FL)/ Ce (P
= Co(F ) TH(ALTH(fR) — ATHIL)) = 205 (Ca (BT = Coo(FXTH)-
Now apply the triangular inequality. Note that
AL () = AL S Q1 + B
by Lemma 3 and by using a triangular inequality we also have
|Co(F71) = Coo (P < Qa4+ BRI
Combining these results we have the proof of the lemma. O
Proof for Lemma T
Note that 0 < ALH(fL) — ALSH(fr) since ALTH(fL) = sup ey ALZM(f). Next note that
AL = AL () = AL () — AL S +
{AH(F5) = AT AT () = A ()

The first and third terms on the right hand side are both bounded above by sup;cy |AL7L(F) —
NS

leads to the proof of Lemma 7. O

n ~» while the second term is at most zero since Af"1(fl) = SUD e gy A!7L(f). These
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Proof for Lemma §:
Condition (V) and Lemma 7 leads to an upperbound of ||ff — f2_[|?4 ) as CiD}, A1 +o(1)},

Ly (Px
2 Ca .
where the o(1) term converges to zero as ||fi — ;“L(i(P\») becomes small, which is guaranteed if
D,fwc is small due to Condition (IV). These arguments prove the lemma. o
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