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Abstract

This is a theoretical study of the consistency properties of Bayesian
inference using mixtures of logistic regression models. When standard
logistic regression models are combined in a ‘mixtures of experts’ set-
up, a flexible model is formed to model the relationship between a
binary (yes-no) response y and a vector of predictors x. Bayesian in-
ference conditional on the observed data can then be used for regres-
sion and classification. The paper gives conditions on choosing the
number of experts (i.e., number of mixing components) k, or choosing
a prior distribution for k, so that Bayesian inference is ‘consistent’,
in the sense of ‘often approximating’ the underlying true relationship
between y and x. The resulting classification rule is also ‘consistent’,
in the sense of having near-optimal performance in classification. We
show these desirable consistency properties with a nonstochastic k

growing slowly with the sample size n of the observed data, or with a



random k that takes large values with nonzero but small probabilities.

1 Introduction

Mixtures of experts (ME, Jacobs, Jordan, Nowlan and Hinton 1991) and Hierarchi-
cal mixtures of experts (HME, Jordan and Jacobs 1994) are popular techniques
for regression and classification, and have attracted attentions in both areas of
neural networks and statistics. ME and HME are a variety of neural networks
that have an interpretation of probabilistic mixture, in contrast to the usual neu-
ral nets that are based on linear combinations. With mixture, instead of with
linear combinations, simple models are combined in ME and HME for improved
predictive capability. This structure of probabilistic mixture allows the use of
convenient computing algorithms such as the EM (Expectation Maximization) al-
gorithm (Jordan and Xu 1995) and the Gibbs sampler (Peng, Jacobs and Tanner
1996).

The ME and HME are flexible constructions that can allow various models
or ‘experts’ to be mixed. For binary classification, simple and standard classi-
fiers such as logistic regression models can be combined, to model the relationship
between a binary response y € {0,1} and a predictor vector x. Such combined
models can approximate arbitrary smooth relations between y and x in the sense
of Jiang and Tanner (1999a). Peng, Jacobs and Tanner (1996) applies mixtures
of binary and multinomial logistic regression for pattern recognition. They found
that a Bayesian approach based on simulating the posterior distribution gives bet-

ter performance than frequentist approach based on likelihood. Recently, Wood,



Kohn, Jiang and Tanner (2005) study binary regression where probit-transformed
spline models with different smoothing parameters are mixed, and Markov Chain
Monte Carlo methods are used to simulate the posterior distribitions for both the
model parameters and the number of mixing components. Their extensive simu-
lations and empirical studies demonstrate excellent performance of the Bayesian
approach and local adaptivity of the mixing paradigm. These empirical successes
have motivated us to study the theoretical reasons behind: Why does the Bayesian
procedure work well in such mixture models of binary regression?

The purpose of the current paper is to study the ‘consistency’ properties of
Bayesian inference for mixtures of binary logistic regression. Will inferential re-
sults based on the posterior distribution be reliable? In a Bayesian approach, the
posterior distribution will propose various relationships between x and y, based
on some observed data. We will investigate the conditions under which the pro-
posed relationships are ‘consistent’ or ‘often close’ to the underlying true rela-
tionship. This will also imply that the resulting ‘plug-in’ classification rule have
near-optimal performance.

There are several senses of consistency. The precise formulation of these prob-
lems are given in Section 2. We assume that the true model possesses some
unknown smooth mean function F(y|x), which can be outside of the proposed
ME family, and that the observed data (y;,x;)i_; are n independent and identical
copies of (y, x).

In Section 3 we will first study the consistency problem for a sequence of ME
models, where the number of experts (or mixture components) K = k,, increases

with sample size n. Such a construct allows a large number of experts eventually



and enables good functional approximation (Jiang and Tanner 1999a). We will
show that the following condition on k, leads to consistency: k, increases to
infinity at a rate slower than n® for some a € (0, 1), as sample size n increases.

Later in Section 3 we will consider the case when the number of experts K is
regarded to be random and follows a prior distribution. We will show that the
critical conditions for consistency involve the prior on K: the prior is supported
for all large values of K and has a sufficiently thin tail.

Our work parallels Lee (2000), who studies similar properties (without classi-
fication consistency) for ordinary neural networks (NN) based on linear combina-
tions. Lee (2000)’s method involves truncating the space of all proposed models
into a limited part and an unlimited part, and show that (i) the unlimited part
has very small prior probability satisfying some ‘tail condition’; (ii) the limited
part is not too complicated in the sense of satisfying an ‘entropy condition’; (iii)
the prior is chosen to have not-too-small probability mass around the true model,
which is an ‘approximation condition’.

Condition (iii) typically involves some approximation results, since the prior-
proposed models have to be able to get as near as possible to the true model, or
else over some neighborhood of the true model the prior mass would be zero.

We approach by implementing these conditions for mixtures of experts (ME).
However, we note that there is a fundamental difficulty resulting from the mech-
anism of approximation with ME. In the known mechanism (Jiang and Tanner
1999a), to approximate a true relation arbitrarily well, ME with many experts
‘crowded together’ and with large parameter values are used. This results in large

parameter values of the ME model (the components that describe the changing
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of mixing weights) increasing with K. In Bayesian approach, typically very small
prior is given to such ME configurations; they have large parameter values lying
in the tail of the prior. Yet we would like to show that the resulting posterior of
such configurations are not too small, since these configurations are close to the
true relation.

In order to handle this difficulty, we characterize how large the ME parameter
values are needed for good approximation: values of order In(K) are sufficient,
which are in fact not too far in the tail of the prior distribution. Such a result
is established by embedding ME with K*(< K)-experts as a subset of ME with
K-experts. (See Lemma 5 and its proof.)

When we consider the situation with random K, we face another difficulty:
the usual priors of K, such as Geometric or Poisson, cannot satisfy both the
conditions (i) and (ii). If the truncation occurs at a too-large K, the limited part
of the proposed model space may become too complicated to satisfy the entropy
condition. If the truncation occurs at a too-small K, the tails may be too thick to
satisfy the tail condition. Such a dilemma was not discussed in Lee (2000), who
did not consider the entropy condition for the case of random K.

In order to handle this situation, we introduce a ‘contraction sequence’ for the
number of experts: K = k(i) which grows to infinity as ¢ increases but grows
slower than i. Then the prior probability, e.g., A; = (0.5)° for the Geometric, is
put on index i. Since k(7) can stay unchanged for some 4, this contraction sequence
effectively groups the geometric probabilities together at the choice of number of
experts and produces a thinner tail. We show that using suitably contracted

Geometric or Poisson priors on K, all conditions hold to produce consistency.



2 Notation and Definitions

2.1 Models

We first define the single-layer mixture-of-experts models where logistic regression
models are mixed.

The binary response variable is y € {0,1} and x is an s-dimensional predictor.
As in Jiang and Tanner (1999a,b), we let Q = [0,1]* = ®:_,[0, 1] be the space of
the predictor x, and let x have a uniform distribution on €2. This is a convenient
starting point and the results can be easily adapted to the case when x has a
positive density and is supported on a compact set.

This convenient formulation results in several simplified relations. The joint
density of p(y, x) is the same as the conditional density p(y|x), which is completely
determined by the conditional probability of a positive response P(y = 1|x), which
is equal to the condition mean or regression function u(x) = E(y|x), which is
alternatively formulated in a transformed version h(x) = log{u(x)/(1 — u(x))},
called the log-odds.

We consider a family ® of ‘smooth relations’ between y and x as defined in
Jiang and Tanner (1999a,b): ® is the family of joint densities p(y,x) such that
the log-odds h(x) has continuous derivatives up to the second order, which are all
bounded above by a constant, uniformly over x.

Such a nonparametric family ® can be approximated by mixtures of logistic
regression (Jiang and Tanner 1999a,b). Define the family IT, of mixtures of k

logistic regression models, as follows: Iy is the set of joint densities f(y,x|0),
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such that the conditional densities have the form f(y|x,0) = > g;H;, where
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rameters of the model. Except that we restrict u; = 0 and v; = 0 for the

sake of the identifiability, we allow all components of the parameter vectors to
vary in (—oo,00). We denote by 6 the combined vector of parameters § =

(01, By B 1, VE oy g, V)T € RIO) sehere dim(6) = (s + 1) (2k — 1).

2.2 Bayesian inference

The observed dataset is (Y1, X1), ..., (Y,, X,,), which we simply denote as (Y, X;)".
Here n is the sample size. We assume (Y;, X;)" to be an iid (independent and
identically distributed) sample of an unknown density fo from the nonparametric
family of smooth relations ®. The mixture of logistic regression approach involves
estimating the nonparametric fy using parametric relations f from Iy, the family
of mixtures of k logistic regression models.

We now describe Bayesian inference for uncovering fy based on (Y;, X;)". In
the mixture of logistic regression approach, one first puts a prior distribution
T, to propose densities f from the k-mixture family II, (through the corre-
sponding parameters ). This prior will then produce a posterior distribution
of f over Il (through the corresponding ), conditional on the observed data:
7aldB]((Yi, X)) =TTy f(Yi, Xil6)ma(d9) ) JTI, F(YVi, X|0)ma(d6).

Then, the predictive density, which is the Bayes estimate of fy, is given by

fal) = [ FC10)m0(d6](Y:, X)),



Let po(x) = By, [Y|X =x] = X ,_01 ¥fo(y|x) be the true regression function, then
fin(x) = E}; [Y|X = x] is the estimated regression function.

For now we will let k& = k,, be nonstochastic and possibly depend on sample size
n, which explains the dependence of prior on n. Later we will also consider the case
when k = K is itself regarded as a random component of the parameter; a prior
randomly decides to use an f from IT; with probability P(K = k), k =1,2,3, ....

The prior densities on #-components are assumed to be independent normal
with zero mean and common positive variance 0. (The results can be easily

generalized to cases with different means and variances.)

2.3 Consistency

We first define consistency in regression function estimation, which we will call

R-consistency.

Definition 1 (R-Consistency). i, is asymptotically consistent for pg if

/(,&n(x) — p1o(x))%dx 5 0 as n — 0o.

Here and below, the convergence in probability of the form ¢{(Y;, X;)"} EiN qo, for
any quantity dependent on the observed data, means lim,, .o Py, x,)» [q{(Yi, Xi)"}—
q@o| < €] =1 for all € > 0, where (Y;, X;)" are an iid random sample from the true
density fo. This definition describes a desirable property for the estimated regres-
sion function fi, to be often (with Py, x,)» tending to one) close (in L, sense) to

the true po, for large n.



Now we define consistency in terms of the density function, which we will term

as D-consistency. First, for any € > 0, define a Hellinger e-neighborhood by

Ac ={f:Du(f, fo) <e}

where Dy(f, fo) = \/f [(Vf —V/fo)?dxdy is the Hellinger distance.

Definition 2 (D-Consistency). Suppose (Y;, X;)" is an iid random sample from
density fo. The posterior is asymptotically consistent for fo over Hellinger neigh-

borhood if for any € > 0,
Pr(A|(Y;, X)) £ 1 asn— oco.

That is, the posterior probability of any Hellinger neighborhood of fo converges to

1 in probability.

This definition describes a desirable property for the posterior-proposed joint den-
sity f to be often close to the true fy, for large n.

Now we define the consistency in classification, which we will call C-consistency.
Here we consider the use of the ‘plug-in’ classification rule C,,(x) = I[fin(x) > 1/2]
in predicting Y. We are interested in how the misclassification error Ey, x,y» P {C(X) #
Y'|(Y;, X;)"} approaches the minimal error P{C,(X) # Y} = infe. pom(x)—o1y P{C(X) #
Y}, where C,(x) = I[uo(x) > 1/2] is the ideal ‘Bayes rule’ based on the (unknown)

true mean function .

Definition 3 (C-Consistency). Let B, : Dom(X) — {0,1} be a classification
rule that is computable based on the observed data (Y;, X;)™. Iflim,, E(Yi’Xi)nP{Bn(X) #

Y|(Y;, X))"} = P{C,(X) # Y}, then B, is called a consistent classification rule.
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It is straightforward to show that three consistency concepts are related in our

situation with binary data, where fi,, and o are bounded between [0, 1]:

Proposition 1 (Relations among three consistencies). D-Consistency = R-

Consistency => C-Consistency.

Proof: The first relation is due to Lemma 4. The second relation is due to Corol-

lary 6.2 of Devroye, Gyorfi and Lugosi (1996). a

In the paper we will first establish D-consistency, then R- and C- consistencies

naturally follow.

3 Results and Conditions

We first consider the case when the number of experts K = k,, is a nonstochastic

sequence depending on sample size n.

Theorem 1 (Nonstochastic K) Let the prior for the parameters, m,(df), be in-
dependent normal distributions with mean zero and fized variance o? for each
parameter in the model. Let k, be the number of experts in the model, such that

(i) lim,, .o k,, = 00 and

(i) k, < n® for all sufficiently large n, for some 0 < a < 1.

Then we have the following results.

a). The posterior distribution of the densities is D-consistent for fo, i.e.,

Pr({f: Du(f, fo) < e}(Yi, Xi)") 51 asn — oo, for all € > 0,
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b). The estimated regression function [i, is R-consistent for uo, i.e. [(f, —
110)2dx 5 0 as n — oo.

¢). The plug-in classification rule Cy(x) = I[fin(x) > 1/2] is C-consistent
for the Bayes rule Co(x) = I[uo(x) > 1/2], i.e., lim, o By, x)0 P{Cn(X) #
Y[(Yi, Xi)"} = P{Co(X) # Y}

Now we consider the case when the number of experts K is a random param-
eter. We will consider the possibility that K = k(I) is constructed out of a more
basic random index I, which, for example, can be the Geometric or the Poisson
distribution. The function k(-) will be called a contraction function. We will see
the reason to introduce the contraction: the sufficient condition we propose on
K requires a very thin probability; common distributions such as geometric or
Poisson can be used only after a tail-thinning contraction.

The densities f(y, x|k, 0) are now indexed by both the parameter vector 6 and
the number of experts k. The prior is 7 (k, df) = X\ew(d6|k), where A\, = P[k(I) =
k], and m(df|k) is again chosen to be the independent N(0,0?) distributions on
all components of . The posterior distribution is then =(k,d0|((Y;, X;)") =
[y (Y, Xilk, ) (K, d6)/ 552, [ TIy F(Yi, Xilj, 0)m(j, d0").

Then, the predictive density, which is the Bayes estimate of fy, is given by

~

fu() =30 [ fC|E, 0)m(k, dO|(Yi, X;)™). The corresponding estimated regression

N

function is fi,(x) = X,—01¥ fa(y|x). The plug-in classification rule is Cy(x) =

I[jin(x) > 1/2].

Theorem 2 (Random K) Suppose the priors w(df|k) conditional on the number

2

of experts are independent normal with mean 0 and fized variance o*. Suppose
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prior put on the number of experts k(1) satisfies the following conditions:

(i11) Plk(I) = k] > 0 for all sufficiently large k;

(iv) The tail probabilities decrease at a faster-than-geometric rate, i.e., there
exists ¢ > 1 such that fixing any r > 0, for all sufficiently large k, P[k(I) > k] <
exp(—kr).

Then we have the following results.

d). The posterior distribution of the densities is D-consistent for fo, i.e.,
Pr({f: Du(f, fo) < e}(Vi, X)") 51 as n — oo, for all € > 0.

e). The estimated regression function i, is R-consistent for po, i.e. [(ft, —
110)2dx 5 0 as n — oo.

f). The plug-in classification rule Cp(x) = I[jin(x) > 1/2] is C-consistent
for the Bayes rule Cy(x) = I[uo(x) > 1/2], i.e., lim, E(}/Z.’Xi)np{én(X) #
Y|(Vi, X" = PAC,(X) £V},

The super-geometrically-thin tail condition (iv) cannot be directly satisfied,
if the number of experts follows some common distributions such as Geometric
or Poisson. However, if one applies a contraction k(-) to a Geometric or Poisson
random variable, where k(-) grows very slowly, the probability of a large contracted

k(I) can be made sufficiently small.

Remark 1 For example, consider the contractions of the form k(I) = [x(I)] +
1, where [u] represents the integer part of u, and x(I) is a strictly and slowly
increasing function. It is easy to confirm that when I is a Geometric random
variable, taking x(I) = IV (for some § > 0 and q > 1) will make k(I) satisfy

condition (i), after using the equation P(I > B) = P(I > 0)%. When I is
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a Poisson random variable, taking x(I) = {In(I + D)}/4"" (for some § > 0
and q > 1) will make k(I) satisfy condition (i), after applying a Chebyshev’s

inequality to obtain P(I > B) < EI/B.

Below we will first give the proofs of these main theorems. The lemmas used

will be stated and proved later.

3.1 Proof of Theorem 1

The proof involves splitting the space IIj, of all k,-expert densities into a limited
part F,, and an unlimited part F. and applying Proposition 2 below.
Let F,, be the set of mixture-of-experts models with each parameter bounded

by C), in absolute value. That is,
|Uj| S Cn, |Ujh| S Cn, |Oéj| S Cn, |/6jh| S Cn, ] = 1, ceey k’n, h = 1, .y S,

where C),, grows with n such that n3+n < C, < exp (nb_“) for some 1 > 0 and

0 <a<b<1(aisthe same a as in the bound of k,).
Proposition 2 (Lee 2000, Theorem 2).
Suppose the following conditions hold:

Tail condition i. There exists anr > 0 and Ny, such that m,(FS) < exp(—nr) Vn >

Nl;

E d h 9h uch that Vv ) \/H u)d
ntro condition 1. There exists some constant ¢ > 0 such that Ve > 0, / u <
Py 0 [ }( ) =

cv/ne? for all sufficiently large n;

Approxzimation condition iii. For ally,v > 0, there exists an No, such that m,(KL,) >

exp(—nv), ¥n > Ns.
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Then the posterior is asymptotically consistent for fo over Hellinger neighbor-

hoods, i.e., for any e > 0,
Pr({f : Du(f, fo) < H(Yi, X)") 51 asn — oo.
Here, for any v > 0, define a Kullback-Leibler y-neighborhood by

KL, = {f: Dk(f, fo) <~},

where Dg(f, fo) = | [ foln(fo/f)dxdy is the Kullback-Leibler divergence.

This proposition was proved in Lee (2000), Theorem 2, where the entropy
condition was used but not stated explicitly. Here H[() is the Hellinger bracketing
entropy defined in the following steps, where the family of function is taken to be
F*={\/f: f € F.}, the set of square-roots of densities from F,,, and the metric
is the Ly-norm so that |[v/f —/g|| = Du(f, g) the Hellinger distance, for any two

densities f and g.

Definition 4 (Brackets and bracketing entropy)

i. For any two functions | and u, define the bracket [l,u] as the set of all functions

f such that | < f < u.
ii. Let || - || be a metric. Define an e-brackets as a bracket with ||u —1]] < e.

1i. Define the bracketing number of a set of functions F* as the minimum number

of e-brackets needed to cover F*, and denote it by Nj (e, F*,| - ||).

w. The bracketing entropy, denoted by Hy(-) = In Ny (-, F*, | - ||), is the natural

logarithm of the bracketing number.
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Now we prove Theorem 1. Lemma 1 guarantees the tail condition. Lemma 2
guarantees the entropy condition. Lemma 3 guarantees the approximation condi-
tion. Therefore we have the D-consistency due to Proposition 2. The R- and C-

consistencies follow from Proposition 1. O

3.2 Proof of Theorem 2

Let G,, be a restricted set of mixtures of m-experts models, whose parameter com-
ponents are all bounded by C,,m in absolute value, with natn < C, <exp (nb_“)
for some n > 0 and 0 < a < b < 1, where a = 1/q. Such restricted sets G,, are
nested due to Proposition 3 (later).

We let F,, = U™, Gy, where k, = [(cn)®], a =1/¢q € (0,1) and ¢ € (0, 1].

Tail condition i:

Note that 7(FS) = 1—7(F,) < X505 1 A+ M ([10]] oo > Crk|k), where
||0]|s is the maximum absolute value of all the § components. For all sufficiently
large n and all r > 0, the tail probability >332, ., Ar is less than e """ /2 due to
Condition (iv). All tail probabilities 7(||0||c > Crk|k) are less than e~""/2 also,
due to the choice of (), and the normality of 7(df|k) (using the Mill’s Ratio for
normal tail probabilities). Therefore w(F<) < e~ for all sufficiently large n and
all > 0, showing the tail condition i.

Entropy condition ii:
Note that the F,, = u’g’;lgk = Gy, since the sets of density functions repre-

sented by Gy are increasing with & (Proposition 3). Then the entropy condition
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can be computed for G, , where the bounds of the parameter values are now C),k,
instead of the previous bound C),. Repeating the proof of the entropy condition
as before shows that the condition still holds.

Approximation condition iii:

Fix any v > 0. Then n(KL,) = Y52, P(K = k)n(KL,|k) > P(K =
kn)m(KL,|k,) > 0, due to the positive P(K = k,) (guaranteed by condition
(iii) of Theorem 2) and that w(KL,|k,) > e, fixing any v > 0,, for all large
enough n, which was proved for nonstochastic k, before. (Here k, = [(cn)?] is
less than n® and increases to co.) Therefore m(KL,) > e ™ for all sufficiently
large n, fixing any v > 0, since the left hand side is positive and not dependent
on n. This shows the approximation condition iii.

So all conditions of Proposition 2 hold and the D-consistency holds, which

further implies the R- and C- consistency. O

4 Lemmas Used for Proving the Theorems

In the first three lemmas, the number of experts k, satisfies conditions (i) and
(ii) of Theorem 1. The prior 7, for the parameters is such that each parameter is
an independent normal with mean 0 and fixed variance 2. The dimension of the
parameters dim(f) will be denoted as d,, = (s + 1)(2k, — 1) both here and later

in the proofs.
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Lemma 1 (for tail condition) There exists a constant r > 0, such that
mn(Fy) < exp(—nr)

for all sufficiently large n. Here F, is the limited part of the k,-experts family

defined in Section 3.1.

Lemma 2 (for entropy condition) Consider the family of square-root densities
F*={Jf: [ € F.} defined in Section 3.1. Then the following relations hold

for the Hellinger bracket entropy Hy () for F*:
dn

a). Hyj(u) <In [(@) }

b). There exists a constant ¢ > 0, such that Ye > 0,

/Oey/H[ }(u)du < C\/ﬁ€2

for all sufficiently large n.

Lemma 3 (for approximation condition) For all v,v > 0, there exists an No,
such that m,(KL,) > exp(—nv), VYn > N,. Here KL, is the Kullback-Leibler

neighborhood defined in Section 3.1.

The following lemma holds whether or not the number of experts is random.

Using notation in Sections 2.2 and 2.3, we have:

Lemma 4 (regression function vs. density function)

a)’ f(/:bn - NO)de < 4D%{(fnv fO);
b). D} (fu, fo) < € +4m[{f: Du(f, fo) > e} (Yi, X;)"], Ve > 0.
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The next proposition is used to form the nested sequence of restricted models

in Section 3.2, for proving consistency with random number of experts.

Proposition 3 (Nesting). Let G, = IL,N{f: [6i] < Cm,V1 <1 <dim(0)} for
some C' > 1 not dependent on m, which is a restricted set of m-expert models with
parameters bounded by Cm. If m' > m, then G,, C G,,,. HereI1,, is the m-expert

family defined in Section 2.1.

The proofs of these results are contained in the Appendix.

5 Conclusions

Our work shows that Bayesian inference based on mixtures of logistic regression
can be a reliable tool for estimating the regression function and the joint density,
as well as for binary classification. We expect that analogous properties may be
studied in multiway classification, where multinomial logistic regression models
are mixed. This, as well as Bayesian inference based on mixtures of generalized
linear models (such as mixtures of Poisson and Gamma regression), form natural
topics for future research. So far, we have focused on classification rules of the
form C,(x) = I[fin(x) > 1/2]. However, as a referee points out, the concept of
C-consistency can also be extended to rules of the form C,(x) = I[fi,(x) > r] for
some r € (0, 1), which may be useful in situations with asymmetric costs, e.g.,
when misclassifying Y = 1 as 0 costs more than misclassifying Y = 0 as 1.

A long-standing question in mixtures-of-experts theory is the selection of num-

ber of experts (or mixing components) K. The current work provides insight from
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the view of Bayesian inference, either from choosing a nonstochastic sequence
K = k, dependent on sample size n, or from treating K as random and plac-
ing a suitable prior on K. The latter approach is especially interesting, since
it can generate a posterior distribution on K conditional on the observed data:
(K |data) = [, 7(K,df|data). This method of inference on K is in some sense
robust and protective against model misspecification: it does not need to assume
a true model with number of experts kg. The true model is a nonparametric one
with arbitrary smooth relation in family ®. In general there is no ‘true number of
experts’ for K. What are proposed by m(K|data) are ‘good K’s instead of ‘true
K’— they are the K’s for some good approximating models from the mixtures of
experts family.

It may also be interesting to consider random K with a finite prior distri-
bution, with support increasing with n. This in some sense is combining the
approach of the two theorems. The motivation is that we would like the number
of experts K to be random in order to search over a range of values. On the other
hand, we would like K to be not too large, in order to reduce computation. (Large
K would correspond to a high-dimensional parametric model.) There are several
possiblities leading to consistent Bayesian inference. One can use a truncated
prior P[K = k| = P[k(I) = k|I[k < B,]/Plk(I) < B,], k = 1,2,.... Here k(I)
satisfies conditions (iii) and (iv) of Theorem 2 and can be, e.g., the contracted
Poisson or contracted Geometric random variables described in Remark 1. The
truncation bound can be taken to be, e.g., B, = 2[(cn)/?] 41, where ¢ > 1 is the
same as in condition (iv) and ¢ € (0,1]. One can also use a uniform prior, e.g.,

PIK = k| = [(cn)*|7 [k < [(en)*]], k = 1,2, ..., for some a € (0,1), ¢ € (0,1].
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Both can easily be shown to lead to consistent Bayesian inference, by adapting

the proof of Theorem 2.

Appendix: Secondary Propositions and Proofs

Denote f = f(y|x; k, 6) for a mixture-of-k-experts (conditional) density. Then the
following two propositions hold for any (k,#) and for any (y,x) € {0,1} x [0, 1]*,

which will be useful later.

Proposition 4 /f < 1.

Oln f

50 < 1, where 0; is the I™ element of 0, for each | =
!

Proposition 5 |

1,...,dim(6).
The following lemma will be used for proving Lemma 3.

Lemma 5 Let f be the mizture-of-experts model with parameters (01, ...,0;,) and
f be another mixture-of-experts model with parameters (él, ey édn). Suppose that
the number of experts of f and f are both k., where k, grows to infinity with n
and k, < n® for some 0 < a < 1, for all large enough n. Define a d-neighborhood

of f
MPMF)={Ff: 10:—0;] <6,i=1,2,...d,}.

Then the following holds for any v > 0: Given any fo € ® (the ‘smooth nonpara-
metric’ family defined in Section 2.1), for all sufficiently large n, there exist 0 and

f such that M?(f) € KL, (i.e., for any f € MZ(f), we have D (f, fo) < ),
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where § = and [ is a k,-expert density with parameter components satis-

S S
4(s+1)ne

fying max{™ | 10| < c(y) + Ink,, for some constant c(v) depending on ~y but not

onn.

Proof of Proposition 4
JT =% >h ngH <\/supj Z 95) =sup,;/H; <1,

1-y
« +B
sinceHj:(“ ’T>< 1T> <1 O
LpeeitO = Lreoi B

Proof of Proposition 5

Note that for each [ = 1, ..., dim(6),

3% . (z’f: ngj)‘ _ }Zj |- In(g;Hj)| (9;H,) < sup Oln(g;Hy) |
l .

00,

Oln f
00,

j=1 25 9;H; J

Since for each j =1, ..., k,

T
(g Hy) = (u;+vI%) —In(X e 7%) 4 y(a; + B7%) — In(1 + e F5%),
J

< max{|zy|,..., |zs|, 1} = 1. So, alnf

Oln(g;H;)
Olnls, ;) <1 ©

it is easy to show that ‘

Proof of Lemma 1

mn(Fy) = Pr(at least one|,| > C,,,l =1,...,d,)

dn dn el Cn
< 2g n? \/1_ ex p{——} by Mill’s ratio
n1+217
< exp{— > +Inf(s +1)(2n" — 1)(20/v/27)]} noting k, < n®
< eXp(—W)
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for any r > 0, for all sufficiently large n, since n > 0. O

Proof of Lemma 2a) Use f; = f(y,x|k,t) to simplify the notation, while

showing the dependence on a parameter valued at t. Use ||t|| = sup?izni(t) |t;] to

denote the L., norm for a vector t.

d
|\/ﬁ — \/E| = 2 889 fo- (t;—s;)| (0 1is an intermediate point between t and s)
d
" 0 10In
= Do(ti—s) <— 111\/%) \/ﬁ < ZSUP|tl — s - ‘2 agfe ‘\/ﬁ‘
=1
1
< idnHt — $lloo by Propostions 4 and 5.

Since C), grows with n such that n3tn < C, < exp (nb_“), so C, > 1. Then,
VI = Vsl <t = s]lo - €2®. Let F(z,y) = Cnd,/2. By Theorem 3 and Eqn

(15) of Lee (2000), we have

. C,+1\%
NPl 7 12) < N, Fo L) < (22)
Here, N(g,Fp,|| - ||) is the covering number, i.e. the minimal number of balls

of radius € that are required to cover the set F,, under a specified metric. Now,

2e||Flly = 25\/2 —0 Jo(Crd,/2)2dx = \/2¢C,,d,, replace 2¢||F||; with e, then

Cot1 \™  [(V2O.(Ch+1)dy\™  [4C2d,\*"
N, Foll ) < [ —ate) = =

d’!L
Therefore, Hyj(u) = In N (u, 7, | - l2) < In (*5%)

Proof of Lemma 2b)

By the result of Lemma 2a),

/\/H[idu</\l <402d> du
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4C2d,,

u

v(e) )
= \/dTL/ %(—4@2@”06_” /2) dv where v(u) = {/2In
= 4 2 2 € o —v2/2
C2do[d/ l4cgdn“(5)+/v(e>e dv]
2dn/€))
) £ JEm(icia,)5) o(1/21n(4C2d,
C2d,/dy )2 o, 2In(4C2d,, /<) + 421

21n(4C2d, /<)
— < IR 1+ g

< 25\/d:\/ln C2 +1n(4d,) —Ine for all large enough n.

IN

Noting that d,, = (s + 1)(2k, — 1) < 2(s + 1)n?, and C,, < exp(n®~®), we have

[.h.s. < 25\/2(5 + 1)n“\/2nb_a +In8(s+ 1)+ Inn® —Ine.

Since 0 <a <b<1,then dt suchthat 0 <a<t<b<landb—a<1-—t,

1 €
%/ VH (w)du < 26Vt /2(s + 1)navn=(1=1) \/an—“ +In8(s+ 1)+ Inn® —Ine
0

— 0 asn— oo.

So, 3¢ > 0 such that Ve > 0, [; /H[(u)du < cy/ne? for all sufficiently large n. O
Proof of Lemma 3

We use the neighborhood Ms = M§(f) in Lemma 5 to prove the result. By

Lemma 5, we have Ms C K L., for all sufficiently large n. Then,

1 u?

dn - dn 0;+0
(KL.) > 1, (M) = P -6 <ob = / g
T (KLy) > 7, (M;) él" {IQ| l 1l } 1:1_[1 b3 WGXP( 202) u

2 d 2
20 exp (16:] +9) 26 exp (e(y) +Ink, +9)

- l:f[1v27r02 <P~ 20° )2121_711\/2%02 - 202 ]



o 0P, (V)

(2Inn)?

202

v

exp [—n“2(s +1) {

> exp(—nv) for all large enough n, fixing any v > 0, since a € (0, 1).

Proof of Lemma 4a)

H for all large enough n, using k, < n®, 6 = ( .

4(s+1)ne

St = moax = [1[ w(hu = fo)asPax = [[[ gV h+ TV hu = /o)

//y (VFu+ o) dy/\/ﬁ Fo)2dyldx

since

[ Fat[h) dy—/y (o + o+ 2 Fufo)dy

< 2/y (fu + fo) dy—22y (fo+ fo) <4 by Proposition 4.

y=0

Then, [(jin — po)dx < 4 [ [(\/ fo — /Fo)2dydx = 4D (f, fo). O

Proof of Lemma 4b)
Denote f, = [ fmn(d0](Y;, X;)") = Eg.f. Denote Ac = {f : Du(f, fo) <€} asin

Section 2.3. Then,

Di(fur f0) = [ [ (VB f =/ fo)dyix
= //(fo + Eg.f — 21/ foEp.f)dydx =2 — 2//\/mdydx

2-2 / / Ey.( fo dydx by Jensen’s inequality

IN

= Ey(2-2 / / JFfodydx) by Fubini’s Theorem
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= By [(F+ fo— 2/ ho)dydx = By [ [(JF = \/Fo)*dydx = Ey D4 (S, fy)
= [ D fo)ma (d](Yi, X))

= [, D folmald8(¥ X)) + [ Di(F, fo)ma(dd| (Y, X))

< ¢ +/A//\f—\/% dydx|r, (d6|(Y;, X;)")

= & [ U o= 2T Ropdydm @0)(vi, X

< w2 [ 1 [0+ fopdydmdo)(vi, X))

- 52+4Agwn(d9|(n,xi)")

= e +4m({f : Du(f, fo) > e} (Yi, Xi)")

It is easy to see that Lemmas 4(a,b) actually hold also for the case with random

number of experts k, by augmenting the integration over df with sum over k. O

Proof of Lemma 5

Jiang and Tanner (1999b, Theorem 2) state that sup inf Dg(f, fo) < +
focd JEI, kA/s

for some ¢ > 0 independent of k, for each k& = 1,2,3,.... Here, s = dim(x).

Therefore, given any v > 0, for any true model fy € ®, there exists a k*-experts

model f* € Il«, with £* large enough, such that

Dr(f*, fo) < (/{;*)4/5 + 7 v/2.

This k*-experts density f* can be written as a k,-experts density f (k, > k* for

all large enough n) if we let

u;j = U , Jg=1... k=1

u; = up. —In(k, —k"+1) , 7=k ..k,
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and

(ozj,ﬁj,vj) = (a], - ]) , j=1,.. k-1

(a),B;,vj) = (e, B, Vi) J=Fk.. . k.
Here u’s, v’s, a’s and B’s are components of parameter ¢ for density f; u*’s, v*’s,
a*’s and B"’s are components of parameter 6* for density f*. This parametrization
for embedding is explained in the proof of Proposition 3. This implies that there

also exists a k,-experts model f such that

Dk (f, fo) = Dr(f", fo) <7/2,

for all sufficiently large n. Let 6* and 6 denote the vectors of parameters in the £*-
experts and k,-experts model, respectively. From the above parameter settings,

we have
10|l < max{||07||oo, || + In(kp — k" + 1)} < e(v) + Ink,

for some constant ¢(y) possibly dependent on ~.

Now consider any kp-expert model f € M?(f). Note that

x(f, fo) /fo fo /fo ( §~> Z/foln%%—/foln%

The first term [ foIn % = D (f, fo) < % for all sufficiently large n. For the second

part,
lni~ = Inf—-Inf
f
dn 8 _ -
< Z S In f, |6, — 6] (u is an intermediate point between 6 and 6)
=119
dln f, ) ~ .
< 9u, since f € M§(f)
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< dy0 by Proposition 5
< v/2 noting that 6 = W < 5

Then ffoln < ~/2. Therefore, D (f, fo) < 7. Therefore, M2 (f) C KL,.

Proof of Proposition 3
We need to show Vf € G,,, f € G-
Vf € Gn,

m—1 um+vlx

fly.x) = Y gH <"

1 T m
TS T g g vh

7j=1
m—1 Zm, éeumﬁ-v;ﬁx
I=m (m/—m+1)
= g]H]+ m—1 u+v x m/ 1 T m
j=1 Zl 1 e + 2% G €
-1 um—l—v X

=2H+z .

S S et

This is an m’—experts model (m’ > m) with parameters

i = S j=1,...,m—1

U = Up—In(m' —m+1) | j=m,...,m
and

(6;,8,,%;) = (0;,B;,v;) . j=1....m—1

(dj,Bj,{fj) = (m, B, Vin) , J=m,...,m.

Note that for j =m,...,m/,

;] = |tum—In(m —m+1)]
< Jupl+In(m —m+1)  m'—-m+1>1
< Cm+ (m'—m)
< Cm+C(m' —m)  since C >1

= Cm/
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The other parameters are bounded in absolute value by C'm and hence bounded

by Cm/. Therefore, f € G,., proving G,, C G, . O
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