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Abstract

This is a theoretical study of the consistencyproperties of Bayesian
inferenceusing mixtures of logistic regressiommodels. When standard
logistic regressionmodels are combined in a “mixtures of experts' set-
up, a exible model is formed to model the relationship between a
binary (yes-no)responsey and a vector of predictors x. Bayesianin-
ferenceconditional on the obsened data can then be usedfor regres-
sion and classi cation. The paper gives conditions on choosing the
number of experts (i.e., number of mixing componerts) k, or choosing
a prior distribution for k, sothat Bayesianinferenceis “consistet,
in the senseof "often appraximating’ the underlying true relationship
betweeny and x. The resulting classi cation rule is also "consisteti,
in the senseof having near-optimal performancein classi cation. We
showv these desirable consistencyproperties with a nonstochastic k

growing slowvly with the samplesizen of the obsened data, or with a
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randomk that takeslarge valueswith nonzerobut small probabilities.

1 Intro duction

Mixtures of experts (ME, Jacobs,Jordan, Nowlan and Hinton 1991)and Hierarchi-
cal mixtures of experts (HME, Jordan and Jacobs1994) are popular techniques
for regressionand classi cation, and have attracted attentions in both areasof
neural networks and statistics. ME and HME are a variety of neural networks
that have an interpretation of probabilistic mixture, in cortrast to the usual neu-
ral nets that are basedon linear combinations. With mixture, instead of with
linear combinations, simple models are conbined in ME and HME for improved
predictive capability. This structure of probabilistic mixture allows the use of
conveniert computing algorithms sud asthe EM (Expectation Maximization) al-
gorithm (Jordan and Xu 1995)and the Gibbs sampler(Peng, Jacobsand Tanner
1996).

The ME and HME are exible constructionsthat can allow various models
or “experts' to be mixed. For binary classi cation, simple and standard classi-
ers sud aslogistic regressiomrmodelscan be conmbined, to model the relationship
betweena binary responsey 2 f0;1g and a predictor vector x. Sud combined
models can appraximate arbitrary smaoth relations betweeny and x in the sense
of Jiang and Tanner (1999a). Peng, Jacobsand Tanner (1996) applies mixtures
of binary and multinomial logistic regressiorfor pattern recognition. They found
that a Bayesianapproad basedon simulating the posterior distribution givesbet-

ter performancethan frequenist approad basedon likelihood. Recenly, Wood,



Kohn, Jiang and Tanner (2005) study binary regressiorwhereprobit-transformed
spline modelswith di erent smaoothing parametersare mixed, and Markov Chain
Monte Carlo methods are usedto simulate the posterior distribitions for both the
model parametersand the number of mixing componers. Their extensive simu-
lations and empirical studies demonstrateexcellen performanceof the Bayesian
approad and local adaptivity of the mixing paradigm. Theseempirical successes
have motivated usto study the theoretical reasonsdehind: Why doesthe Bayesian
procedurework well in sud mixture models of binary regression?

The purposeof the current paper is to study the “consistency'properties of
Bayesianinferencefor mixtures of binary logistic regression.Wil | inferential re-
sults baseal on the posterior distribution be reliable? In a Bayesianapproad, the
posterior distribution will proposevarious relationships betweenx and y, based
on someobsened data. We will investigate the conditions under which the pro-
posedrelationships are “consisteti or "often close'to the underlying true rela-
tionship. This will alsoimply that the resulting "plug-in' classi cation rule have
near-optimal performance.

There are se\eral sense®f consistency The preciseformulation of theseprob-
lems are given in Section 2. We assumethat the true model possessesome
unknown smooth mean function E(yjx), which can be outside of the proposed
ME family, and that the obsened data (y;; X;){L, aren independern and idertical
copiesof (y; x).

In Section3 we will rst study the consistencyproblem for a sequenceof ME
models, wherethe number of experts (or mixture componerts) K = k, increases

with samplesizen. Sud a construct allows a large number of experts evertually

3



and enablesgood functional approximation (Jiang and Tanner 1999a). We will
showv that the following condition on k, leadsto consistency: k;, increasesto
in nit y at a rate slover than n? for somea 2 (0; 1), as samplesizen increases.

Later in Section3 we will considerthe casewhen the number of experts K is
regardedto be random and follows a prior distribution. We will show that the
critical conditions for consistencyinvolve the prior on K : the prior is supported
for all large valuesof K and hasa su cien tly thin tail.

Our work parallels Lee (2000), who studiessimilar properties (without classi-
cation consistency)for ordinary neural networks (NN) basedon linear combina-
tions. Lee (2000)'s method involves truncating the spaceof all proposedmodels
into a limited part and an unlimited part, and shav that (i) the unlimited part
has very small prior probability satisfying some “tail condition’; (ii) the limited
part is not too complicatedin the senseof satisfying an “ertropy condition’; (iii)
the prior is chosento have not-to o-small probability massaround the true model,
which is an “approximation condition'.

Condition (iii) typically involves someappraximation results, sincethe prior-
proposedmodels have to be able to get as near as possibleto the true model, or
elseover someneighborhood of the true model the prior masswould be zero.

We approad by implemerting theseconditions for mixtures of experts (ME).
Howeer, we note that there is a fundamertal di cult y resulting from the med-
anism of appraximation with ME. In the known medanism (Jiang and Tanner
1999a),to approximate a true relation arbitrarily well, ME with many experts
“crovdedtogether' and with large parametervaluesare used. This resultsin large

parameter values of the ME model (the componerts that descrike the changing
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of mixing weights) increasingwith K. In Bayesianapproad, typically very small
prior is givento sudh ME con gurations; they have large parameter valueslying
in the tail of the prior. Yet we would like to shav that the resulting posterior of
sud con gurations are not too small, sincethesecon gurations are closeto the
true relation.

In order to handlethis di cult y, we characterizehow large the ME parameter
values are neededfor good approximation: valuesof order In(K) are su cient,
which are in fact not too far in the tail of the prior distribution. Sud a result
is establishedby enmbedding ME with K (< K)-experts as a subsetof ME with
K -experts. (SeeLemmab and its proof.)

When we considerthe situation with random K, we face another di cult y:
the usual priors of K, sudh as Geometric or Poisson, cannot satisfy both the
conditions (i) and (ii). If the truncation occursat a too-largeK , the limited part
of the proposedmodel spacemay becometoo complicatedto satisfy the ertropy
condition. If the truncation occursat atoo-smallK , the tails may betoo thick to
satisfy the tail condition. Sud a dilemma was not discussedn Lee (2000), who
did not considerthe ertropy condition for the caseof randomK .

In orderto handlethis situation, we introducea "cortraction sequencefor the
number of experts: K = k(i) which grows to innit y asi increasesbut grows
slower than i. Then the prior probability, e.g., ; = (0:5)' for the Geometric, is
put onindexi. Sincek(i) canstay unchangedfor somei, this cortraction sequence
e ectively groupsthe geometricprobabilities together at the choice of number of
experts and producesa thinner tail. We shav that using suitably cortracted

Geometricor Poissonpriors on K, all conditions hold to produce consistency
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2 Notation and De nitions

2.1 Mo dels

We rst de ne the single-layer mixture-of-experts modelswherelogistic regression
models are mixed.

The binary responsevariableisy 2 f0; 1g and x is an s-dimensionalpredictor.
As in Jiang and Tanner (1999a,b),we let = [0;1FF = &, [0; 1] be the spaceof
the predictor x, and let x have a uniform distribution on . This is a corvenien
starting point and the results can be easily adapted to the casewhen x has a
positive density and is supported on a compactset.

This conveniert formulation results in seweral simpli ed relations. The joint
density of p(y; x) is the sameasthe conditional density p(yjx), which is completely
determinedby the conditional probability of a positive responseP (y = 1jx), which
is equal to the condition mean or regressionfunction (x) = E(yjx), which is
alternatively formulated in a transformed version h(x) = logf (x)=(1 (x) g,
called the log-odds.

We considera family  of 'smath relations' betweeny and x as de ned in
Jiang and Tanner (1999a,b): is the family of joint densitiesp(y;x) such that
the log-adds h(x) has continuous derivativesup to the second order, which are all
boundel alove by a constant, uniformly over x.

Sud a nonparametricfamily  can be approximated by mixtures of logistic
regression(Jiang and Tanner 1999a,b). De ne the family |, of mixtures of k

logistic regressionmodels, as follows:  is the set of joint densitiesf (y; xj ),



. . . (1
sud that the conditional densities have the form f (yjx; ) = g Hj, where
-
ui + v x s Tx | y | 1y
gj:p?J L Hj = el 1. 1 . The , ,u, Vv's are pa-
eU|+v|X l+ej+ jx l+ej+ jx

1=1
rameters of the model. Except that we restrict u; = 0 and v, = 0 for the
sale of the iderti abilit y, we allow all componerts of the parameter vectors to
vary in (1 ;1). We denote by the combined vector of parameters =

(1 1550 ko muzgvesasugv))T 2 <9mO) wheredim( ) = (s+ 1)(2k  1).

Here n is the samplesize. We assume(Y;; X;)" to be an iid (independen and
identically distributed) sampleof an unknown density f, from the nonparametric
family of smooth relations . The mixture of logistic regressiorapproad involves
estimating the nonparametricf o using parametric relationsf from |, the family
of mixtures of k logistic regressionrmodels.
We now descrike Bayesianinferencefor uncovering fo basedon (Y;; X;)". In
the mixture of logistic regressionapproad, one rst puts a prior distribution
n to propose densitiesf from the k-mixture family ¢ (through the corre-
sponding parameters ). This prior will then produce a posterior distribution
of f over  (through the correspnding ), conditional on the observe data
(@ O X)M = QL (X ) a(@)=" 0y (VX0 ) a(d ).
Then, the predictive density, which is the Bayesestimate of f o, is given by

z

fa()= F(i) aldi(¥;X)"):



Let o(x) = E¢,[Y]X = x]= P y=0-1 Yfo(yjx) bethe true regressiorfunction, then
"n(x) = Ep [YJX = x] is the estimated regressiorfunction.

For now we will let k = k, be nonstachastic and possiblydependon samplesize
n, which explainsthe dependenceof prior onn. Later we will alsoconsiderthe case
whenk = K is itself regardedas a random componert of the parameter; a prior
randomly decidesto useanf from | with probability P(K = k), k= 1;2;3;::..

The prior densitieson -componerts are assumedto be independert normal
with zero mean and common positive variance 2. (The results can be easily

generalizedio caseswith di erent meansand variances.)

2.3 Consistency

We rst de ne consistencyin regressionfunction estimation, which we will call

R-consistency

De nition 1 (R-Consistency). *, is asymptoti@lly consistentfor g if

’ ("a(X)  o(x))2dx !’ O asn! 1.
Here and below, the convergencen probability of the form of (Y;; Xi)"g s O, for
any quartit y dependert onthe obseneddata, meandimpnin  Pey,.x; )0 [Of (Yi; Xi)"g
(o) ]= 1forall > 0,where(Y;;X;)" areaniid random samplefrom the true
density fo. This de nition descrikesa desirableproperty for the estimatedregres-
sion function *, to be often (with Py, .x,)» tending to one) close(in L, sense)to

the true o, for largen.



Now we de ne consistencyin terms of the density function, which we will term

as D-consistency First, for any " > 0, de ne a Hellinger "-neighborhood by

A= ff :Du(f:fe) "g

4 RRP

whereDy (f;fo) = " " fo)2dxdy is the Hellinger distance.

De nition 2 (D-Consistency). Supmse(Y;; X;)" is an iid random samplefrom
density fo. The posterior is asymptotially consistentfor f o over Hellinger neigh-

borhood if for any " > O,
Pr(Aj(Y; XM F 1 asn! 1.

That is, the posterior prolability of any Hellinger neighlmrhood of f o convegesto

1 in prokability.

This de nition describesa desirableproperty for the posterior-proposedjoint den-
sity f to be often closeto the true f g, for large n.

Now we de ne the consistencyin classi cation, which we will call C-consistency
Herewe considerthe useof the “plug-in' classi cation rule €,(x) = | [ (x) > 1=2]
in predicting Y. Weareinterestedin how the misclassi cationerror Ey,.x yn Pf Cn (X) 6
Yj(Yi; Xi)"g approahesthe minimal error Pf Co(X) 6 Y g = infc. pomx)7it 01 PFC(X) 6
Y g, whereCqy(x) = I[ o(x) > 1=2]isthe ideal Bayesrule' basedonthe (unknown)

true meanfunction .

De niton 3 (C-Consistency). Let B, : Dom(X) 7! f0;1g be a classi cation
rule that is computablebasel on the observe data(Y;; X;)". If limp1  Ev,.x,)n Pf I§n(X) 6

Yi(Yi:Xi)"g= PfCo(X) 6 Yg, then B, is called a consistent classi cation rule.
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It is straightforward to show that three consistencyconceptsare relatedin our

situation with binary data, where”,, and o are boundedbetween]0; 1]:

Prop osition 1 (Relations among three consistencies). D-Consistency=) R-

Consistency=) C-Consistency.

Proof: The rst relation is dueto Lemma4. The secondrelation is due to Corol-

lary 6.2 of Devroye, Gyer and Lugosi(1996). 2

In the paper we will rst establishD-consistencythen R- and C- consistencies

naturally follow.

3 Results and Conditions

We rst considerthe casewhenthe number of experts K = kj, is a nonstochastic

sequencealepending on samplesizen.

Theorem 1 (Nonstochastic K) Let the prior for the parameters, ,(d ), bein-
deendent normal distributions with mean zeo and xed variance 2 for each
parameterin the model. Let k, be the numkber of exgerts in the model, suchthat

@ limy,; k,=1 and

(i) k, n?2for all suciently largen, for some0O< a< 1.

Then we havethe following results.

a). The posterior distribution of the densities is D-consistent for f, i.e.,

Pr(ff : Du(f;fo)  gj(Y;X)") ¥ 1asn! 1, foral >O0.
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b). The estimatal regressionfunction *, is R-consistentfor o, i.e. R("n
o)2dx ¥ 0asn! 1.
c). The plug-in classi cation rule én(x) = I[*(X) > 1=2] is C-consistent
for the Bayesrule Cy(x) = I[ o(x) > 1=2], i.e., limyy E(Yi;xi)nPan(X) 6
Yi(Yi; Xi)"g= PfCo(X) 6 Yg.

Now we considerthe casewhen the number of experts K is a random param-
eter. We will considerthe possibility that K = k(I) is constructedout of a more
basicrandom index | , which, for example,can be the Geometric or the Poisson
distribution. The function k() will be called a contraction function. We will see
the reasonto introduce the cortraction: the su cient condition we proposeon
K requiresa very thin probability; common distributions sud as geometric or
Poissoncan be usedonly after a tail-thinning cortraction.

The densitiesf (y; xjk; ) are now indexedby both the parametervector and
the number of experts k. The prior is (k;d )= 7 (d jk), where™ = P[k(l) =
k], and (d jk) is again chosento be the independert N (0; 2) distributions on
all componerts of . The posterior distribution is then (k;d j((Y;; X;)") =
O F Xk ) (d )=t Ry T O F(Ya X 9 G d O,

Then, the predictive density, which is the Bayesestimate of f o, is given by
fi() = P o Rf (jk; ) (k;d j(Yi; Xi)M). The correspnding estimated regression
function is ", (x) = P y:0;1yl"\n(ij): The plug-in classi cation rule is €,(x) =

[ (x) > 1=2].

Theorem 2 (RandomK) Supmsethe priors (d jk) conditional on the numter

of experts are independent normal with mean 0 and xed variance 2. Supmwse
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prior put on the numker of experts k(1) satis es the following conditions:

(i) P[k(I') = k] > O for all suciently largek;

(iv) The tail prokabilities decrease at a faster-than-g@metric rate, i.e., there
existsg> 1 suchthat xing anyr > 0, for all suciently largek, P[k(l) K]
exp( KIr).

Then we havethe following results.

d). The posterior distribution of the densities is D-consistent for fg, i.e.,
Pr(ff : Du(f;fo)  gj(Y;X)") ¥ 1asn! 1, foral > O0.

e). The estimatal regressionfunction *, is R-consistentfor o, i.e. R("n

0)2dx I 0asn! 1.

f). The plug-in classi cation rule €,(x) = [ (x) > 1=2] is C-consistent

for the Bayesrule Co(x) = I[ o(x) > 1=2], i.e., limuy Ep,xnPfCa(X) 6

Yi(Yi; Xi)" = PECo(X) 6 Yg.

The super-geometrically-thin tail condition (iv) cannot be directly satis ed,
if the number of experts follows somecommon distributions sud as Geometric
or Poisson. Howe\er, if one appliesa cortraction k() to a Geometric or Poisson
randomvariable, wherek( ) growsvery slowly, the probability of a large contracted

k(1) canbe madesu ciently small.

Remark 1 For example,consider the contractions of the form k(1) = d (I )e+
1, whete due representsthe integer part of u, and (I) is a strictly and slowly
increasing function. It is easy to conrm that when!l is a Geometric random
variable, taking (1) = 19" (for some > 0andq> 1) will makek(l) satisfy

condition (iv), after using the equation P (I B) = P(I > 0)B. Whenl is
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a Poisson random variable, taking (1) = fIn(l + 1)g®¢" (for some > 0
and g > 1) will make k(l) satisfy condition (iv), after applying a Chebyshev's
inequality to obtainP(I B) EI=B.

Below we will rst give the proofs of thesemain theorems. The lemmasused

will be stated and proved later.

3.1 Proof of Theorem 1

The proof involvessplitting the space |, of all k,-expert densitiesinto a limited
part F, and an unlimited part F ¢ and applying Proposition 2 below.
Let F,, be the set of mixture-of-experts modelswith ead parameterbounded

by C, in absolutevalue. That is,

Uil Cosivinl - Crij gl Gaignl Goy ] = Likesh = 15is;
where C, grows with n such that nz*  C, exp n® 2 for some > 0 and
0< a< b< 1 (aisthe samea asin the bound of k).

Prop osition 2 (Lee 2000, Theorem 2).

Supmsethe following conditions hold:

Tail condition i. Thereexistsanr > 0andN3, suchthat ,(FZ%) < exp( nr) 8n

Ny;
Znq
Entropy condition ii. There existssomeconstantc> 0 suchthat 8" > 0, Hij(u)du
0

p AN H
c n"2for all suciently largen;

Approximation condition iii. Forall ; > 0, thereexistsan N,, suchthat ,(KL )

exp( n ), 8n No.
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Then the posterior is asymptotially consistent for fo over Hellinger neightor-

hoods, i.e., for any > 0O,
Pr(ff :Du(f;fo)  gi(YoX)MF 1 asn! 1.
Here,for any > 0, de ne a Kullback-Leibler -neighborhood by
KL =ff :Dx(f;fo) 0;

whereDy (f ;fo) = RRfo In(f o=f )dxdy is the Kullback-Leibler divergence.

This proposition was proved in Lee (2000), Theorem 2, where the enropy
condition wasusedbut not stated explicitly. HereH () is the Hellinger bracketing
ertropy de ned in the following steps,wherethe family of function is takento be

P f :f 2 F,g, the setof square-rmts of densitiesfrom F,, and the metric

P

F=f

is the L,-norm sothat jjIO f 7 gj = Dy (f;9g) the Hellinger distance,for any two

densitiesf and g.

De nition 4 (Bracketsand bracketing entropy)

i. For any two functions | and u, de ne the bracket[l; u] asthe setof all functions

f suchthat! f u.
ii. Letk k be ametric. De ne an "-bracketsas a bracketwith ku |k ".

iii. De ne the bracketingnumtler of a setof functions F asthe minimum numker

of "-bracketsneeded to cover F , and denoteit by N;;("; F ;k K).

iv. The bracketingentropy, denote& by H; () = InN;;(;F ;k k), is the natural

logarithm of the bracketingnumler.
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Now we prove Theorem 1. Lemmal guararteesthe tail condition. Lemma2
guararteesthe erntropy condition. Lemma 3 guararteesthe approximation condi-
tion. Thereforewe have the D-consistencydue to Proposition 2. The R- and C-

consistenciedollow from Proposition 1. 2

3.2 Pro of of Theorem 2

Let G, bearestricted setof mixtures of m-experts models, whoseparametercom-
ponens are all boundedby C,m in absolutevalue, with nz* C, expnb?
forsome > 0and0< a< b< 1, wherea= 1=g Sud restricted setsG,, are
nesteddue to Proposition 3 (later).

Welet F, = [ tglq, wherek,, = d(cn)?e, a= 1=g2 (0;1) and c 2 (0; 1].
Tail condition i

Notethat (FS)=1 (Fn)  Epas %+ 0 = (i iz > Cokik), where
jj Jl» is the maximum absolutevalue of all the componerts. For all su cien tly
large n and all r > 0, the tail probability i b-k,+1 kIS lessthan e =2 dueto
Condition (iv). All tail probabilities (jj jj» > C,kjk) arelessthan e ™ =2 also,
due to the choice of C,, and the normality of (d jk) (using the Mill's Ratio for
normal tail probabilities). Therefore (FS) e ™ for all suciently largen and
all r > 0; showing the tail condition i.
Entropy condition ii:

Note that the F,, = [ Iﬁ”:le = &, sincethe setsof density functions repre-

serted by G, are increasingwith k (Proposition 3). Then the ertropy condition
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canbe computedfor G, , wherethe boundsof the parametervaluesare now Cyk,
instead of the previousbound C,. Repeating the proof of the ertropy condition
as beforeshaws that the condition still holds.

Approximation condition iii:

Fix ay > 0. Then (KL) = "L,P(K = k) (KL jk) P(K =
ki) (KL jk,) > 0, due to the positive P(K = k;) (guararteed by condition
(i) of Theorem?2) andthat (KL jk,) > e ", xing any > 0;, for all large
enoughn, which was proved for nonstochastic k,, before. (Here k, = d(cn)?e is
lessthan n? and increasesto 1 .) Therefore (KL ) e " for all suciently
largen, xing any > 0, sincethe left hand side is positive and not dependert
on n. This shows the approximation condition iii.

So all conditions of Proposition 2 hold and the D-consistencyholds, which

further implies the R- and C- consistency 2

4 Lemmas Used for Proving the Theorems

In the rst three lemmas,the number of experts k,, satis es conditions (i) and
(i) of Theorem1. The prior , for the parametersis sut that ead parameteris
an independert normal with mean0 and xed variance 2. The dimensionof the
parametersdim( ) will be denotedasd, = (s+ 1)(2k, 1) both hereand later

in the proofs.
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Lemma 1 (for tail condition) There existsa constantr > 0, suchthat
n(Fpn) < exp( nr)

for all suciently largen. Here F, is the limited part of the k,-experts family

de ned in Section 3.1.

Lemma 2 (for entropy condition) Consider the family of squae-root densities

p

F =f f: f 2 F,gdenedin Setion 3.1. Then the following relations hold

for the Hellinger bracketentropy H; ;() for F :

dn
a). Hyp(u) In 4t

u

b). There existsa constant c> 0, suchthat 8" > 0,

Z.q

Hp j(u)du Sk

for all su ciently largen.

Lemma 3 (for approximation condition) For all ; > 0, there existsan N,
suchthat (KL ) exp( n ), 8n N,. Here KL is the Kullback-Leibler

neightorhood de ned in Section 3.1.

The following lemma holds whether or not the number of experts is random.

Using notation in Sections2.2 and 2.3, we have:

Lemma 4 (regressionfunction vs. density function)

a). \("n o)%dx  4DA(Fifo);
b). DA (fh:fo) 2+ 4 ,[ff 1 Du(f;fo)> gj(Yi;X)"], 8 > 0.
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The next proposition is usedto form the nestedsequenceof restricted models

in Section3.2, for proving consistencywith random number of experts.

Prop osition 3 (Nesting). Let G, = mTff s jij<Cm;8L | dim( )gfor
someC 1 not deendenton m, whichis a restricted setof m-expert modelswith
parametersboundel byCm. If m® m, thenG,  Gyo. Here ., is the m-expert

family de ned in Section 2.1.

The proofs of theseresults are cortained in the Appendix.

5 Conclusions

Our work shaws that Bayesianinferencebasedon mixtures of logistic regression
can be a reliable tool for estimating the regressiorfunction and the joint density,
aswell asfor binary classi cation. We expect that analogousproperties may be
studied in multiway classi cation, where multinomial logistic regressionmodels
are mixed. This, aswell as Bayesianinferencebasedon mixtures of generalized
linear models (such as mixtures of Poissonand Gammaregression),form natural
topics for future researt. So far, we have focusedon classi cation rules of the
form &,(x) = 1[*(x) > 1=2]. Howewer, as a refereepoints out, the conceptof
C-consistencycan also be extendedto rules of the form C,(x) = 1 [ (x) > r] for
somer 2 (0;1), which may be useful in situations with asymmetric costs, e.g.,
when misclassifyingY = 1 as0 costsmore than misclassifyingY = 0 as 1.

A long-standingquestionin mixtures-of-experts theory is the selectionof num-

ber of experts (or mixing componerts) K. The current work providesinsight from
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the view of Bayesian inference, either from choosing a nonstochastic sequence
K = k, dependen on samplesizen, or from treating K asrandom and plac-
ing a suitable prior on K. The latter approad is especially interesting, since
it can generatea posterior distribution on K conditional on the obsened data:

(Kjdata) = R (K;d jdata). This method of inferenceon K is in somesense
robust and protective against model misspeci cation: it doesnot needto assume
a true model with number of experts ko. The true model is a nonparametric one
with arbitrary smooth relation in family . In generalthere is no "true number of
experts' for K. What are proposedby (K jdata) are ‘good K's instead of “true
K'| they arethe K's for somegood appraximating models from the mixtures of
experts family.

It may also be interesting to considerrandom K with a f inite prior distri-
bution, with support increasingwith n. This in somesenseis combining the
approad of the two theorems. The motivation is that we would like the number
of experts K to berandomin orderto seart over a rangeof values. On the other
hand, we would like K to benot too large, in orderto reducecomputation. (Large
K would correspnd to a high-dimensionalparametric model.) There are se\eral
possiblities leading to consisteth Bayesian inference. One can use a truncated
prior P[K = k] = P[k(l) = k]I[k Bp]=P[k(lI) Bn], k = 1;2;:::. Herek(l)
satis es conditions (iii) and (iv) of Theorem 2 and can be, e.g., the cortracted
Poissonor cortracted Geometric random variables descrited in Remark 1. The
truncation bound canbe takento be, e.g.,B, = 2d(cn)=%+ 1, whereq> 1is the
sameasin condition (iv) and ¢ 2 (0; 1]. One can also usea uniform prior, e.g.,

P[K = k] = d(cn)®e [k d(cn)3g], k = 1;2;:::, for somea 2 (0;1), c 2 (0;1].
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Both can easily be shovn to lead to consistem Bayesianinference,by adapting

the proof of Theorem 2.

App endix: Secondary Prop ositions and Pro ofs

Denotef = f (yjx;k; ) for a mixture-of-k-experts (conditional) density. Then the
following two propositions hold for any (k; ) and for any (y;x) 2 f0;1g [O; 1,

which will be useful later.

Prop osition 4 pf 1

@nf

Prop osition 5 @ 1, where | is the I elementof , for each| =
|

1 dim( ).

The following lemmawill be usedfor proving Lemma 3.

f~be another mixture-of-ex@rts model with parameters(™;:::; 74,). Supmsethat
the numler of experts of f and f~ are both k,, where k, growsto in nity with n
andk, n? for some0O< a< 1, for all largeenoughn. De ne a -neighlmrhood
of f

MY(F)Y="ff":j; 7Tj 1= 1,200 d00
Then the following holdsfor any > 0: Givenanyf, 2  (the 'smamth nonpara-
metric' family de ned in Section 2.1), for all su ciently largen, there exist and

f suchthat M"(f) KL (i.e., for any =2 M"(f), we haveDy (7o) ),
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whee = T andf is a k,-expert density with parameter components satis-
fying maxﬂ*;lj «j ¢ )+ Ink,, for someconstant ¢( ) degendingon but not

on n.

Pro of of Prop osition 4

p 9p—— 4 P q_—
= "lagH  supH;( jg)=sug H 1,
LTy 1y
sinceH; = = L 1. 2

1ve i’ 07 l+e i™ ]

Pro of of Prop osition 5

Note that for eath | = 1;:::;dim( ),

0 1 p h i
X @in(gH,) (g H, "
@nf _ @In@ gHA = L © P(gl i) (gH;)) sup @n(gH) :

@ @ i=1 i g H; i |

Sincefor eat j = 1;::5k,

X .
In(gH;) = (+v/x) In(C e )+y(;+ [x) In@+e™ i)
j

it is easyto show that %"l'ﬂj) maxfj xaj; 3 jxsf; 19 = 1. So, L 1 2

Pro of of Lemma 1

n(F5) = Pr(at leastong |j > Cy;l = 1;:::;dy)
|

R Rn '

Pr(j j> C)=2 Pr >
=1 I=1
2d, 1 C? - .
. p?expf ﬁg by Mill's ratio

1+2 p__

expf 52 +In[(s+ 1)(2n®* 1)(2 = 2 )]g noting k, n?
exp( nr)
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forany r > O, for all suciently largen, since > 0. 2

Pro of of Lemma 2a) Usef, = f (y;xjk;t) to simplify the notation, while

showving the dependenceon a parametervalued at t. Usejjtjj; = suqdi:"{(t) jtjj to

denotethe L; norm for a vector t.

a— d— X @4 . . :
j T fqf = @ f (t s) ( isanintermediate point betweent and s)
=1 &l
|
¥n @ q— 9 — X 1@nf q9—
= tt s) —In f f supjt; s = | ]
|=1( | SI) @ B upit s 5 @ ] 1)
%dn kt sk; by Propostions4 and 5.

Since C, grows with n sud that nz* C, exp n®2 ,soC, 1. Then,

jpﬁ pﬂj kt sk, &b Let F(x;y) = Chdy,=2. By Theorem3 and Eqn
(15) of Lee (2000), we have

C,+1 %

Npj(2"kFko F ik k) N(" FniLy1)

Here, N("; Fn;jj Jj) is the covering number, i.e. the minimal number of balls

of radius " that are required to cover the set F, under a speci ed metric. Now,

ap R 5 ;
2"kFk, = 2" §=0 (Chdh=2)%dx = P 2'Cndy, replace2'kF k, with ", then
' dn P ! d oy | dn
NGk ko) : Cn_+ 1 _ 2Cn(Cin + 1)d, 4C.?dn
=( 2Cqdn)

dn

u

Pro of of Lemma 2b)

By the result of Lemma 2a),

Z.q Z"\p/
H[](U)du



S
q—2Z )

2 4C2
= pv—é 4C2d,ve V' dv  wherev(u) = 2In CSd”
1 .
424, G2 —— o V=2 ’
= = ") + -
n*n n 2 4C§dn V( ) V(") € \

q_— 3
P~ ( 2In(4CZd=")

q
C2d, d,=24 e
2In(4C2d,=")
#

L
7. 2In(4C2d,=") + 4

1
2In(4C2d,=")

2" dy InC2+In(4d,) In" for all large enoughn.

q q
= " d,=2 2In(4C2d,=") 1+

Noting that d, = (s+ 1)(2k, 1) 2(s+ 1)n?;andC, exp(n® 2); we have

q q
l:his: 2" 2(s+ 1)n2 2nb 2+ In8(s+ 1)+ Inng2 In":

Since0< a< b< 1,then 9t sudhh that 0< a<t< b< landb a<1 ft;

1 20

p_d_—— __p___q
p—ﬁ Hij(uydu 2° nt 2(s+1)n2 n @Y 2nPa+In8(s+ 1)+ Inn? In"
0

1 0 asn! 1.

R. G — ,
S0,9¢> Osudhthat 8" > 0, 5 Hpj(u)du & 72 for all su cien tly largen. 2

Pro of of Lemma 3

We usethe neighborhood M = M"(f) in Lemmab to prove the result. By

Lemmab, we have M KL for all suciently largen. Then,

8 9

<vn ) . = vn z 1+ 1 u2
n(KL ) n(M)=Projy ) .= Po—exp( 5—)du

T=1 ' =1 ! 2
o2 jaj+ )2, W2 o )+ Ink, + )2
E ? = 2 2 2
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#
_ ORI D A A
= exp" dn 52 + In >
( (2In na)z)#
exp n%2(s+ 1) 5 for all large enoughn, usingk, n?, = T
exp( n) for all large enoughn, xing any > 0, sincea 2 (0;1):
2
Pro of of Lemma 4a)
Z Z Z Z Z q— g_ 99— q__
(" o%dx= [ y(fa fodyPdx= [ y( fa+ fo)( fi  fo)dyFdx
Z Z qa— qgq__ Z q__ q_—
[ V2 fa+ fo)dyll ( fn  fo)’dyldx
since
Z q— q_ A q__
yA( fu+ fo)ldy=  yA(fh + fo+ 2 fifo)dy
z Xt
2 y3(fy+fo)dy=2" y*f,+fo) 4 by Proposition 4.
y=0
R RR ™ A _
Then, (A o)dx  4°1( £y Po)2dydx = 4D2 (F:fo): 2

Pro of of Lemma 4b)
R
Denotef, = f ,(d j(Yi;X))") = E ;f. DenoteA = ff : Dy(f;fo) gasin
Section2.3. Then,

Z Z qg_
DA (fh;fo) = ( E;f f o) *dydx
zZz q Z7Zq
= (fo+ E;f 2 foEf)dydx=2 2 E ; (f fo)dydx
zZz q__
2 2 E;( ffo)dydx by Jensen'sinequality
Z2Zq__
= Ej@2 2 f f odydx) by Fubini's Theorem
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z q_ ZZqg_ q_—
= E; (f+fo 2 ffodydx=E; ( f  fo)2dydx = E D2(Ff;fo)
Z
d Z
- DE(fifo) n(di(Yi X))+ DA(Fifo) a(di(Yi; X))
Mz zz2q_ q_ o
"2+ [ (f  fo)2dydx] o(d j(Yi; X)")
zz q__
= "2+ ( (F+fo 2 ffg)dydx) o(d j(Yi;Xi)")
Z Z
"2+2 [ (f+fo)dydx] n(d j(Yi; X)")

¢

= "Te4 o a(d VX))

= 244 ,(ff : Du(f;fo) > "gi(Yi; X)")

It is easyto seethat Lemmas4(a,b) actually hold alsofor the casewith random

number of experts k, by augmerting the integration over d with sumover k. 2

Pro of of Lemma 5

C

Jiang and Tanner (1999b, Theorem 2) state that supfiznf Dk (f;fo) pr=s
fo2 k

for somec > 0 independen of k, for eadh k = 1;2;3;::.. Here,s = dim(x).
Therefore,givenany > 0, for any true model fo 2 , there existsa k -experts

modelf 2  , with k large enough,sud that

C

="a" =

Dk (f ;fo)

This k -experts density f can be written as a k,-experts density f (k, > k for
all large enoughn) if we let

8
Ele:U

B

j=21::k 1

uy = u Ink, k +1) ; j

1
=~
P

5
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and 8
(v = (v s i=Lunk 1
2 Civ povi) = (s owave) 3 J=kgiinke:
Hereu's,v's, 'sand 's arecomponers of parameter for density f;u's,v 's,
'sand 'sarecomponerts of parameter for density f . This parametrization
for embeddingis explainedin the proof of Proposition 3. This implies that there

alsoexists a k,-experts model f sud that
Dk (f;fo) = Dk (f ;fo) < =2

for all suciently largen. Let and denotethe vectorsof parametersin the k -
experts and k,-experts model, respectively. From the above parameter settings,

we have
i i maxfij jji;jucj+ In(k, k +1)g cf )+ Ink,

for someconstart ¢( ) possibly dependen on

Now considerany k,-expert model f~2 M "(f ). Note that
z z N 4 z
fo fo f fo f
. = — = — - = — + —:
DK(f~,f0) folﬂf_v foln S folnf folnr_

R .
The rst term fgln ff—o = Dk (f;fo) < 5 for all su cien tly largen. For the second

part,
Inf—~ = Inf Inf"
f
@ : : : : : _
—Infy, j 1 7 (u is an intermediate point between and ")
- @
R @nf,
sincef~2 M "(f
- @ ")
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dn by Proposition 5

=2 noting that = e nE <

R
Then fgln fF_ =2: Therefore,Dg (7o) : Therefore, M"(f) KL .

Pro of of Prop osition 3

We needto showv 8f 2 Gy;f 2 Gyo:

m

8f 2 Gy;
K 1 eum+v}1x
fly;x) = o gH; + P TV g g rvix
X lg-H- ' i s _(m'o_‘—:lr-’n+1) gHm * Vi X
i R "'rr;lleu|+v|Tx+ "'Irleom meunwv%x
K 1 y° eum+v%x

= GHj +  PooourxHm

mo i+ v X

j=1 I=m 1=1
This is an m%experts model (m® m) with parameters
8
3 = U
-Bbrj = Up IN(M® m+1) ; j=m;:::;;m°

and 8
(i) = (o) =
P (5T = Vi)

Note that for j = m;::;;m°

gy jun  In(m® m+ 1)

junj+ IN(M® m+1) m°
Cm+ (m® m)

Cm+ C(m® m) sinceC

= Cm°
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The other parametersare boundedin absolutevalue by Cm and hencebounded

by CmC Therefore,f 2 Gyo, proving G, Gyt 2
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