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Abstract

Statistical methodology is presented for the regression analysis of multiple events in the
presence of random effects and measurement error. Omitted covariates are modeled as
random effects. Our approach to parameter estimation and significance testing is to
start with a naive model of semi-parametric Poisson process regression, and then to
adjust for random effects and any possible covariate measurement error. We illustrate
the techniques with data from a randomized clinical trial for the prevention of recur-

rent skin tumors.
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1. INTRODUCTION

The research in this paper was motivated by some of the statistical discussions leading
up to the publication of the somewhat controversial findings of the “Nutritional Prevention
of Cancer” (NPC) trial — Clark et al. (1996). This trial, begun in 1983, studied the
long-term safety and efficacy of a daily 200ug nutritional supplement of selenium (Se) for
the prevention of cancer. This was a double-blind, placebo-controlled randomized clinical
trial with 1312 patients accrued and followed for up to about ten years. A number of
endpoints were considered, but here we shall concentrate on one of the two primary endpoints
— namely squamous cell carcinoma (SCC) of the skin. The results for this endpoint are
of particular interest because Clark et al. (1996) found a negative (but not statistically

significant, P = 0.15) effect of selenium (Se) supplementation. This was opposite to previous
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expectations, and contrasted sharply with findings of highly significant positive benefits of
the selenium supplementation in preventing a number of other types of cancers. However,
for the SCC endpoint, the original analysis presented in Clark et al. (1996) considered only
the time to first occurrence of an SCC in each subject. In fact, subjects could experience
multiple recurrences of SCCs over time. One question posed was how to incorporate this
information which would presumably lead to a more sensitive inference concerning the effect
of Se supplementation. Complicating the situation was the fact that the subjects were highly
heterogeneous. Various demographic, behavioral and medical “baseline” variables had been
measured upon entry to the study for each patient, but there was concern that not all risk
factors had been identified. It was also recognized that some of these baseline variables were
subject to biological variability and measurement error, especially blood biochemical levels,
such as plasma Se status, which, according to some earlier epidemiologic evidence, is an
important prognostic risk factor for SCC.

Situations where individual subjects (or units) may experience repeated events over time
occur not only in medical trials, — studies of epileptic seizures, asthmatic attacks, infections,
for example, — but also in engineering studies of reliability of repairable systems (e.g., Ascher
and Feingold, 1984), and in “duration analysis” studies in economics and sociology (e.g.,
Allison, 1984). We will suppose that subjects are heterogeneous and some covariates are
available from each subject. The event times for each subject can be viewed as a realization
of a stochastic point process. To analyze such data, a variety of parametric point process
regression models have been proposed — a good discussion appears in Lawless (1987). A
more flexible approach is to use a semiparametric model, in which the functional form of
the baseline intensity function is unspecified. There are four such approaches which may
all be considered generalizations of the Cox (1972) model for survival data. These are: the
counting process formulation of Andersen and Gill (1982); the marginal approach of Wei, Lin
and Weissfeld (1989); the conditional approach of Prentice, Williams and Peterson (1981);
and the cumulative mean function approach of Lawless and Nadeau (1995). Statistical
software to implement parametric and semi-parametric methods are available in standard
computer packages, e.g., STATA 5.0 (StataCorp 1997) and Splus 3.3 (Statistical Science Inc.
1995).

In the next two sections we describe our approach which is to use, as a basis for inference,
estimating equations derived from a naive semiparametric Poisson process regression model
in which the presence of random effects, omitted covariates, and measurement error are
ignored. These “naive” estimates of the regression parameters and of the baseline intensity
function, along with their estimated variances (which may be computed by the standard

software mentioned above), must then be adjusted to account for the misspecification of the



model. In Section 4, we consider the special case when there is no measurement error; the
point estimates are unchanged, but their variances must be estimated using the so-called
“sandwich” formula. This case was treated by Lawless and Nadeau (1995). We provide
asymptotic expressions of these variances and show that they are determined by the first
two moments of the point process. In Section 5, we consider the special case of overdispersion
in a Poisson process regression model and use it to examine the inflation in the variance that
can be caused by the presence of random effects and omitted covariates, and to illustrate
the evaluation of the relative efficiencies of our estimators. When measurement error is
also present, the naive point estimators are no longer consistent but, with a model for the
measurement error process, they can be adjusted to obtain consistent estimators. Also, the
estimated variances of these adjusted estimators are then given by a “double sandwich”
formula. This is all described in Section 6. The methods are applied to the NPC data in
Section 7. Finally we make some concluding remarks concerning assumptions.

For the special case of survival analysis, where subjects can experience at most a sin-
gle event during their followup time, a number of researchers have examined the problem
of covariate measurement error in a partial likelihood analysis using Cox’s (1972) model.
Prentice (1982) and Pepe et al. (1989) considered the induced hazard function conditional
on the observed covariate instead of its true value. Nakamura (1992) and Buzas (1998) used
procedures based on constructing unbiased or approximately unbiased estimating equations
from the partial likelihood score equations. The methods of Raboud (1991) and Raboud et
al. (1993) were based on examining the root of the asymptotic score equation of the naive
partial likelihood. There is also an extensive literature on misspecification of the Cox model
due to the presence of frailties, omitted or mismodeled covariates, see Lin and Wei (1989),
Gail, Wieand and Piantadosi (1984), Lagakos and Shoenfeld (1984), and a recent review
by Keiding, Andersen and Klein (1997). The effects of random subject heterogeneity and
covariate measurement error on fully parametric analyses of recurrent events, based on a
time-homogeneous Poisson process with gamma mixing, have been discussed by Turnbull,
Jiang and Clark (1997), of which the present paper may be regarded as a semi-parametric

analog.

2. A GENERAL REGRESSION MODEL FOR RECURRENT EVENTS

We consider a discrete time scale K = {1,..., K}, measured in “days” say, and define
response Yy, to be the number of events for subject i (1 < i < n) observed on day k, (k € K).
We denote by Z;, the observed value of the covariate (a p-vector in general) for patient i

on day k, and H;; is a 0-1 variable indicating if subject ¢ is “at risk”, i.e., uncensored on



day k. Note that Y;; > 1 only when H;; = 1. In general, each observed covariate Z;;, may
be measured with error, or is a surrogate of some “true” covariate X, usually unobserved.
In the NPC trial example of the preceding section, the time scale is the elapsed number of
days from date of entry into the study, and the response Yj;, is the number of SCCs (usually
0 or 1) recorded on day k for subject i. Many covariates could be considered but suppose
we concentrate here on p = 2 of the most important, namely treatment assignment (Se or
placebo) and baseline plasma Se status. The latter is subject to measurement error, but
the former is presumably accurate. In this case, the covariates are not time varying and so
{Zi1} (and {X;}) do not depend on k. There were n = 1312 subjects and the maximum
followup time was K = 4618 days. For example, one patient had four recurrent SCCs
recorded on respective days 178, 286, 549, and 1018, and was followed for a total of 2268
days, when the study ended and he was censored. Thus, for him, all Y;;, = 0 except Y =1
for k = 178,286,549, 1018; also H;;, = 1 for 1 < k < 2268 and H;;, = 0 for 2269 < k < 4618.

We also postulate an unobserved positive real-valued variable t;, which represents a
random effect which modifies response for patient ¢ on day k. This random effect or “frailty”
factor is introduced to model the effect of “unexplained heterogeneity” of patients perhaps
induced by omitting covariates, unused, unmeasured or undreamed of. We introduce the
notation Y;* to represent the complete response history {Yix; 1 < k < K} of subject i, (1 <
i < n), and similarly H}, X/, Z,¢f. Finally we assume a setup where the concatenated
vectors {Y,*, HY, X}, Z* 1*},i = 1,2,...,n may be considered independent and identically

distributed (i.i.d.). A general regression model for recurrent events is the following:

Multiplicative Mean (MM) Model:

Conditional on {H;, X}, Z ¢}, the expectations of responses Yj; are given
by Hui A exp(X/[.3), where we assume E{vy| X/, Zf, H} = 1, for all i =
1,2,...,n, ke K.

Here 3 is a p-vector of regression coefficients, A, is the discrete baseline intensity on day k.
The baseline cumulative intensity function is Ag(t) = Y p<; Ak, t € K.

The MM model is a quite general one with essentially two modeling assumptions — one
involves the structure of the frailties, the other concerns how the covariates affect the mean
response rate. The first states that the conditional means of the frailties E{v| X/, Z}, H}}
are constant for all = 1,2,...,n, k£ € K. Without loss of generality, this constant is taken
as unity. Without at least such an assumption, the frailties would be arbitrary and there
would be no restriction on the conditional mean responses. The assumption implies the
loglinear model E{Yix| X}, Z}, H} = Hy Ay exp(X],3). However, it is advantageous to state

the MM model at the level of conditioning on the ;;’s, since a simpler probability model can
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often be expressed at this level of full conditioning. An example of this in continuous time is
given in Lawless (1987), where the responses follow a Poisson process with Weibull intensity
upon conditioning on a time-invariant random effect 1;, which follows a gamma distribution
with unit mean. The second modeling assumption is that a loglinear link function is used
to relate the effect of covariates to the event rates. Other particular link functions could
be specified instead (see Lawless and Nadeau 1995); however, the loglinear one is often a
natural and convenient choice for count data (McCullagh and Nelder, 1989, Sec.2.2), and
commonly used in the survival analysis or repeated events literature (e.g., Lawless 1987, and
Wei, Lin and Weissfeld 1989). Sometimes log-linearity will be reasonable after a suitable
transformation of the covariates (see, e.g., Andersen et al. 1993, Sec. VII.3.2) even if not so
originally. However, many of our results apply to general link functions — we will comment
on this further in Section 8.

As a basis for inference in the MM model, we propose to use a “naive” or “working”
likelihood function obtained by additionally taking the Y;; to be (conditionally) independent
and Poisson distributed and by neglecting the presence of random effects and measurement
errors. Thus all the ;s are taken as 1, and X;;’s are replaced with Z;;’s.

The resulting misspecified or “naive” log likelihood function R = R(s) is, up to a constant

in arguments s = (m/, ") where m = (my...,mg)’, given by

n K
R=> log H{(mkezz{kb)H““m exp(—HyymgeZix®)}.
i=1 k=1
Here, as the argument of R, we have replaced the true parameter § = (A, 3')" where A =
(A1, ..., Ax)’, with s = (m/, V'), to emphasize the fact that we are using a misspecified model
in which the parameters may not have the same interpretation. We note that R is a sum of

n ii.d. copies of the function p = p(s), given by

p= ZHk{YkZ,’Cb + Y logmy, — mkezl/fb}
k

where we have suppressed the index ¢ for the i.i.d. subjects.

For fixed b, R is maximized at my = (3; Yir) (>, H,-kezvfkb)’l. Substituting this value of my,
into R, we find that the function R on the “ridge” is just Cox’s log partial likelihood function
L of the argument b, up to some constant, where £(b) = log ], T[T, (e%i+*/ > ijezfl'kb)yik. Sim-
ilar arguments in counting process theory can be seen in Andersen et al. (1993, Sec.VIL.2.1,
page 482). Hence R is maximized by the “naive” maximum likelihood estimates (MLEs)

b=>band m = m, where

b= argmax £(b) and 17y, = (3 Vi) (> HyeZib) 1, (1)
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Here the my, = (m)x, k = 1,..., K form a discrete version of the Nelson-Aalen estimates (see
Andersen et al. 1993, Sec.VIIL.2), which lead to a naive estimator of the baseline cumulative
intensity function mg(t) = >p<; 1w, t € K.

We now examine the consistency and asymptotic variance of these naive estimators under
the MM model.

3. ASYMPTOTIC PROPERTIES OF THE NAIVE ESTIMATORS

A natural question is to ask how appropriate are the naive estimators and how they and
their variances should be adjusted to account for the misspecified features. We base our an-
swers on the asymptotic properties of such naive likelihood estimates, — see Huber (1967),
White (1994), Jiang (1996), Turnbull et al. (1997). The principal results can be summarized

as follows:

Proposition 1. Suppose W; i = 1,...,n are i.i.d. copies of W, where W has a probability
distribution Pég) with parameter 6 lying in some space ©. Let R, (s) = >I'; p(W;; s), which
could be a naive log-likelihood function with argument s. Under some regularity conditions,

we have:

A. §, = argmax, R,(s) is strongly consistent to s°() = argmax, Epp(W; s),
and /n(3, — $°(8)) = N(0,I"'VI') where I = —E{V®2p(W;s)}
E{Vp(W;s)}*

s0(6) and V =

s0(0) 5

B. An inverse function (s°)~' exists, 6, = (s°)~1(8,) is strongly consistent to the original

parameter 6, and  /n(6, — 0) = N(0,D'I"*VI'D) with D = V(s°)~* 0(0) 5

C. s = s%(0) satisfies the estimating equation

EgNVp(W;s) = 0. (2)

In the notation above, E or FEjy represents taking expectation over W, based on the
probability distribution Pég) associated with the true parameter . The symbol V represents
the column vector of partial derivative operators (the gradient) with respect to the argument
s. The operation ®2 of a column vector v denotes v®% = vv’. Hence V®? denotes the matrix
of second derivatives (Hessian). Essentially the regularity conditions that are needed in

Proposition 1 can be listed as follows:

1. As n — oo, the average naive likelihood n™' R, (s) is uniformly convergent to its expec-

tation on a compact set Z with probability one; and the limit function (E{n 'R, (s)}
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or Ep(W;s)) is sufficiently regular, in the sense that it is finite and second order

continuously differentiable, with the derivatives commuting with the expectation;

2. The limit function F{n"'R,(s)} has a unique global maximizer s°(f) in the interior

of =;

3. The matrices I and V are finite and non-singular, so that the asymptotic variance of

\/né8, is well-defined and non-singular;
4. %) : © > 54(O) is a C'-diffeomorphism.

A variety of more primitive conditions to ensure the uniform convergence with a regular
limit (Condition 1) can be found in White (1994, Appendix 2), Jiang (1996), and Turnbull
et al. (1997, Appendix).

In the following discussion, when convenient, we may omit the subscript n for §,, én and
R,, and denote the limit of the naive MLE s°(6) as s(6) or simply s, which we sometimes
refer to as the “naive” parameter. The relation s°(f) expresses the naive parameter in terms
of the original parameter, which we term as the “bridge relation”. There are situations
when the expectation in equation (2) depends on parameters in addition to # which are not
estimable from the data W, ¢ = 1,...,n. Such a situation can occur, for example, if there
is covariate measurement error involved. If these extra parameters cannot be treated as
known, then they will need to be estimated from an auxiliary or “validation” data set, see
e.g., Carroll et al. (1995, Sec. 1.4).

Note that the naive MLE § is in general inconsistent for the original parameter 6, but
instead consistently estimates the naive parameter s(6). When s() is invertible, we can
form a consistent estimator # for # by inverting the relation s(6), as suggested by result (B)
of the proposition. The general strategy therefore is to attempt to find the bridge relation
s(0) using result (A) or (C) of the proposition and then, when the relation is invertible, to
use result (B) to obtained an “adjusted” estimator of 6.

The asymptotic normality of § and 6 from (A) and (B) of Proposition 1 shows how stan-
dard errors and test statistics can be constructed. The “naive” asymptotic variance (matrix)
of § that ignores the model misspecification is (nf) ™!, the inverted naive information matrix.
The correct asymptotic variance of 5 is n=*1*V 17!, the so-called “sandwich formula” —
Huber (1967), Carroll et al. (1995, page 263). We will later refer to this as the “robust
variance” since it is valid, in the sense of yielding consistent variance estimators, without
full specification of a probability model for the data. The asymptotic variance of the ad-
justed estimate 6 is thus given by n *D'I"'VI~'D, which we term as the “double-sandwich

formula”. If the expectations in I and V' are not available then quantities based on sample



averages can be used in the usual way, i.e., for I use I = —n~' S, {V®2p(W;; s)} |;, for V
use V = n"1 S {Vp(W;;s)}*2 ;. To test the significance of a particular component of the
parameter vector, the jth say, using the Wald method, the naive test statistic that ignores
model misspecification would be the Z-value: Zy = §;/,/Avary(§;) where Avary(s;) is the

jth diagonal element of (nI)~*. The correct Z-statistic is: Zag; = 6;/\/Avar(6;) where
Avar(6;) is the jth diagonal element of n~'D'I-1V 1D,

In the context of the recurrent event regression models described in Section 2, W is the
collection of random variables {Hy, Y, Zy; k € K}, 0 = (A, 5'), and s = (m/,b'). (Here
and later, for notational convenience, we may suppress the subject-specific index ¢ due to
the i.i.d. property.) It is the goal of this paper to investigate the relationship between the
quantities obtained from the naive and adjusted analysis, including the parameter estimates,
asymptotic variances and Z-values. The first task is to find the limit s°(6) of the naive MLE.

By using (2) and first conditioning on H*, X* and Z*, from the MM model we directly

obtain the following “bridge” equations:

mpE[HpeZt] = ME[He5f), k=1,... K (3)
K K
ST mpE[H Zpe?) = S M E[Hy Zpe P, (4)
k=1 k=1

Here, to ensure the existence of the expectations, we assume the existence of the moment
generating functions of the Xj;’s and Z;’s on R? and assume that the first and second order
derivatives commute with the expectations. These hold if the probability distributions of the
Xi's and Z;’s have sufficiently thin tails (e.g., bounded or normal). Note that here in (3,4)
and later we are using my and b to denote the large-sample limits of the naive estimators my
and ZA), respectively. Similarly we use mg(t) = >x<; mi to denote the large-sample limit of the
naive estimator mg(t) = > p<; My of the baseline cumulative intensity function. We cannot
solve (3,4) explicitly without making further modeling assumptions concerning the measure-
ment error structure of (X, Z;). The simplest situation is when there is no measurement
error, and the only complication is the existence of random effects/omitted covariates. It is

this situation that we examine first.

4. RANDOM EFFECTS

When there is no covariate measurement error, Xy equals Z; for all k =1,..., K, and it

is clear that there is a trivial solution to (3,4), namely

b= 03, and m = A.



The solution is actually unique under the non-degeneracy conditions for the random variables
Hy and Zy, k € K, namely: (i) For all k =1,..., K, P(H, = 1) > 0; (ii) For all k, Ay > 0;
and (i77) There do not exist constant p-vector a and scalar ¢ such that Zja + ¢ = 0 for all
k with probability one. The uniqueness can then be easily shown by first solving (3) for my
as a function of b and substituting into (4), so that (4) now only has b as an argument. The
difference of the two sides of (4) can then be recognized as the gradient of a concave scalar
function of b, provided that (i)-(7iz) hold.

In the notation of the previous section, the bridge relation is the trivial one s°(9) = 6.
This agrees with the findings of Lawless and Nadeau (1995) who showed that estimates de-
rived under a Poisson process regression model were consistent as long as the mean event
rates were correctly specified (and the observation process is independent of the event pro-
cess).

We now turn to the problem of estimating the asymptotic variances of the consistent
estimates b and 7. Since the naive MLEs are consistent for the original parameters, D
is the identity matrix, and in part (B) of Proposition 1, the double sandwich formula for
their asymptotic variance reduces to the usual sandwich formula: Avar(f) = n 11"V
for = (/| V), where I = —E(V®2p) and V = E(Vp)®2. To simplify the notation, we
define scalars A\, = mye?+® and p, = Hj )\ and note that j, = E{Yx|Z*, H*}. We also define
Iy = Cov{Y,, Y| Z*, H*}, for each j,k = 1,..., K. Denote D, = Vlog\; as a (K + p)-
vector, and (, = Zy, — E(Zypr)/Eux as a p-vector with components (g1, .. ., (xp)’, for each
k=1,...,K. Then p = Y& Hp(Yilog Ay — \p).

Proposition 2.

(7) The naive variance AvarN(é) = n 177! and the robust variance Avar(é) =n IVt

can be calculated from the mean function {s;} and the covariance function {I';;} using

K K K
=Y E(mDyD,) and V =3 E(T4D,;D}); (5)

k=1 j=1k=1

~ ~

(i1) The naive variance Avary(b) = n~1Z~! and the robust variance Avar(b) = n 1Z-VZ!
can be calculated from

K K

I=3 E(uGG) and V=3 > E(Tj¢G). (6)

k=1 j=1k=1

Proof. The result (i) follows directly from the definitions of I and V. Result (iz) involves
matrix manipulations which we outline as follows: The matrix I is a (K + p) x (K + p)

matrix such that the matrix nAvary(b) is given by the lower-right p x p sub-matrix of 11,

9



When computed, this comes out to be Z~! as defined in (6). Similarly the matrix nAvar N(?))
is given by the lower-right p x p sub-matrix of ="'V I~!, which comes out as Z-*VZ!. This
proves (i1).

Expressions for estimators of the asymptotic variances and covariances of the estimates
of the regression coefficients and the baseline cumulative intensities are given in Appendix
A. They are equivalent to expressions given in Appendix A.2 of Lawless and Nadeau (1995),
but in a form directly computable from the data and the naive MLEs.

Proposition 2 enables us to perform a number of important tasks, provided we model, in
addition to the first moment from the MM assumption, the second moments {I';;}. These
include: (i) comparison of the naive asymptotic variance and the robust asymptotic variance;
(ii) derivation of formulae for sample size planning in randomized clinical trials; (iii) evalu-
ation of the efficiency of the estimator b from the current procedure, when some particular
interesting departure from the naive Poisson process regression model can be assumed. In
the following section, we will illustrate these under a special case when the true model is as-
sumed to be a Poisson process with overdispersion. In principle, Proposition 2 can be used to
carry out analogous calculations for other models, such as ones with AR(1) or exchangeable

correlations, although analytical details are more difficult.
5. POISSON PROCESS WITH OVERDISPERSION

In this section we suppose that, conditional on (Z*, H* ¢*), the responses Y; (k =
1,..., K) are independent and Poisson distributed with mean 1 uy. The frailty factor ¢ = v
is a random variable, constant over time in each individual, with mean one and constant
variance k. As in the previous section, there is no measurement error, X; equals Zj for
all k = 1,...,K, and b = 3, m = A. For this model, by first conditioning on ¥*, Z*
and H*, we obtain the covariance function I';, = Cov(Y;,Yi|Z*, H*) = 0jppr + Kpbjpi, for
Jok=1,..., K, where §;;, denotes the Kronecker delta. The overdispersed Poisson model is
relatively simple, and has been quite commonly used in repeated events literature — e.g.,
Lawless (1987), Abu-Libdeh et al. (1990), Cook (1995), Turnbull et al. (1997).

First we investigate the relation between the naive variance Avary(b) and the robust
variance Avar(b). In this situation, we claim that Avar(b;) > Avary(b;), forall j =
1,...,p, and the difference is proportional to the overdispersion variance k, indicating that
the robust variance automatically takes into account the extra variability due to neglected
random effects. To show this, we substitute I';y = d;xpu + K0 in (6) to obtain (V—17), =
KE (3, 1Cir) (g 1xCrr). Hence the matrix (V —Z) is positive semi-definite and proportional
to k. It follows that the matrix n 1Z-2(V—Z)Z ' = Avar(b)—Avary(b), is also positive semi-

definite and proportional to k, showing the result. A similar result can be shown in a similar
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fashion for the asymptotic variances of the baseline cumulative intensity estimators, that is
Avar{my(t)} > Avary{me(t)} for all ¢t =1,..., K, and the difference is proportional to .

Now we illustrate the computation of the robust variance Avar(f)) for the special case of
a single binary covariate, constant over time: Z; = Z and Z = 0 or 1 with equal probability
0.5. This situation occurs, for example, when comparing two treatments in a randomized
clinical trial where Z is the treatment assignment indicator. In this case, an expression of the
robust variance is useful in sample size planning. In general, the robust variance is dependent
on the following four quantities: the treatment effect parameter § (= b); the baseline discrete
intensity Ay (=my); the covariance function I'j, = Cov (Y}, Yy|H*, Z); and the probability of
being followed Pz, = P(Hy = 1|Z); for j,k € K and Z = 0 or 1. Consider the situation when
we follow the subjects continuously over time and use the time of randomization (treatment
assignment) as the origin of the time axis. Then, for a given subject, the information
contained in H* is the same as in the follow-up time 7', say, which is the largest time k in IC
at which a subject is followed. We treat T' as a random variable. In this notation, we have
simply Py, = P(T > k|Z). A general formula of Avar(b) can be written down directly by
using the expression of Z and V in (6) in terms of b, my, FJZk = E(T'jx|Z), say, and Py, for
j,k € K and Z =0 or 1. The result is summarized below:

Proposition 3. Suppose Z, = Z, and Z=0, 1 with equal probability 0.5. We use the

above notation and assume Py, > 0 and Py, > 0 for all k =1,..., K. Then, we can express
Avar(b) = n*Z-'VI 1, where
1 & Pyp Pyye®
T = ) m|l5——FH— and
2 kz::l k (POk + Pye?
y - vy {F2k<P1jeb><P1keb> + r;kPoJ-POk}
2 55 U (Po + Pyje?) (Pox + Pure?)

In the following, we consider the special case when the follow-up process H*, or equiva-
lently the follow-up time 7', are independent of the randomized treatment indicator Z, and
responses follow the overdispersed Poisson process model where I'j; = d;ppr + £ with
py = Hympe?®. Then Py, = EHy, FJZk = E(Tx|2) = 0;1(EHg)mpe?®+k(EH;Hy)mjmye???.
Define Zszl miH, = T, the total cumulative intensity for a subject with Z = 0 and with
follow-up history H*. Note that for continuous follow-up from time 1 to 7', T = X ¢, my, =
mo (7)), which is the baseline cumulative intensity (i.e., for a subject with Z = 0) at end of

the follow-up period. Using Proposition 3 we obtain:

7_ET &
2 1+4eb

1+eb

b 2
and V =7+ kET? (6—> )
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From these we immediately obtain:

L_21 2 1
" nET nETe?

AvarN(B) = (nZ)

(Note that b = 8 and B=bat present). The robust asymptotic variance, on the other hand,

is obtained from n~'Z-1VZ1 as

2 1 2 1 4k ET?

Avar(B) = S EF BT T (BT (7)

The formula (7) can be used to plan sample sizes for a test of treatment equality with

given size and power. Of course, the expression (7) depends on unknown quantities which
can only be estimated once the data become available. However preliminary rough estimates
may be available from pilot studies. Naturally, the main implication is that the inflation of
Avar(,@’) due to the extra variance component k, leads to an increase in the required sample
size, when compared to that based on the usual Poisson process regression model. This is
consistent with previous findings by Cook (1995) for time-homogeneous Poisson processes

with overdispersion.

Efficiency properties. Adjusted estimates based on misspecified models and derived using
the methods of Section 3, although +/n-consistent and asymptotically normal, are generally
inefficient. If we are willing to specify fully a particular probability model as the “correct”
one, more efficient estimators can be constructed. For example, starting with our y/n-
consistent adjusted estimator, we can employ a one-step efficientization method (see, e.g., Le
Cam 1956, or White 1994, page 137). Alternatively, one can use maximum likelihood. There
is the usual trade-off between efficiency and robustness. (By robustness of an estimator, we
mean that it retains consistency properties under a broader range of models than the one
upon which it is based.) The consistency of our naive estimating procedure only depends on
the first moment specification by the MM model. The results in Propositions 2 and 3 allow
us to evaluate the efficiency of our estimators relative to the maximum likelihood estimators
when a particular departure from the naive model is specified.

For example, consider the randomized clinical trial situation as above, where the re-
sponses are conditionally Poisson and there is a single binary covariate Z indicating treatment
assignment, taking values 0 or 1 with equal probability. Suppose also that Z is independent
of the follow-up process which starts at time one and ends at random time 7. If the baseline
cumulative intensity follows a parametric model Ag(t) = exp(a)ho(t), where hgo(t) is some
known increasing function of time, such as hy(t) = ¢ corresponding to a constant intensity
rate, then the inference for the treatment effect 5 now depends on the {Y;} only through

the total event counts Y+ = Zszl Y, for each subject. Suppose we postulate a particular
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parametric random effects model, namely a Poisson regression model with gamma frailties,

ie.,
Y*H|Z, T, ~ Poisson(vhy(T)e*"P), ¢ ~ Gamma(Mean =1, variance = k), (8)

where ho(T) exp(a) = T The Fisher information is given by the 3 x 3 matrix I, say, where
(f)qr = —F0,0,.logp(Y"|Z,T; k,, ), with ¢, = 0,1,2, 0y = 0x, 01 = 0, and 0y = 0.
Such a gamma-mixture of Poisson processes has been discussed by Lawless (1987), and

according to his Eqn.(3.9), we have

(Djo =0, (N =E{Z"" 2¢5(1 + kpz)"'}, j,k=1,2
where ¢, = Te?P. Taking the expectation over Z and inverting I, we see that the asymptotic
variance of Bz, the MLE of 8 under the model (8), is given by

~ 1 - B g 1 g 1
Avar(Be) = 00 = L prra oy P nETea s ere O

To simplify the notation in the following discussion, we define A, = (2n~1)/[E{4.(1 +
k¢.) 'Y for z = 1,2, where ¢, = Te*®. Then (9) is simply Avar(Buyg) = Ag + A;. For
specified parameter values, it is possible to compute (9) numerically or to use simulation
to estimate the expectations therein. The asymptotic relative efficiency (ARFE) is then
obtained from the ratio ARE = Avar(3u1)/Avar(5), where the denominator is given by
(7). However, if follow-up time 7" and hence 7 = ho(T") exp(«) is constant across individuals,
it can be seen that (7) and (9) coincide, in which case full efficiency ARE = 1 is achieved
by our estimator B . This suggests that we can perform a Taylor expansion of ¢,(1 + k¢,)™*
around the expectation E¢, = n,, say, for z = 0,1, to obtain a lower bound for (9) and
hence a lower bound for the ARFE. Carrying out the details, a fourth order expansion, leads

to the inequalities

-1 z —1,.2Y/%2
g% )< (" TSR T P W S
1+ ko, 1+ km, (1+kn,)%2 (14 kn,)3
due to the negativeness of the fourth order residual of the Taylor expansion. Here V7 =
Var(¢,) and V& = E(¢, —n.)3. Then, using the inequality (1+a)™' > 1 — a for real a, we

obtain

2 1 2 s Y
Az:_ > _= 1 3 Yz z z
nE{¢.(1+ k.)""'} — nn. {( ) <1+m7z> > (1 +m72> w?’}

for z = 0,1, where wi = Vi /n? = Var(T)/(ET)? and wi = V5 /n? = E(T—ET)?/(ET)? are
the same for z = 0,1. This yields a lower bound for Avar(ﬁML) = Ay + A; which, divided
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by (7), leads to a lower bound of the ARE as an explicit function of the overdispersion
parameter k. It is of interest to see how the ARFE behaves when the overdispersion becomes
small or large. The bound obtained above enables us to produce ARE > 1 — O((kET)?)
for small k, and ARE > (14 w3) '+ O((kET)™ ') = (ET)?/ET?+ O((kET)™') for large
k. Note that if the variance of T is small, the ARFE of our procedure is high even if there
is large overdispersion. Our small overdispersion result is consistent with the finding by
Cox (1983), which considered & of order n~'/2. In all these circumstances, the estimator

B is approximately efficient, and thus, being consistent under a more general model (MM),

should be preferred.
6. MEASUREMENT ERROR IN COVARIATES

We now turn to the situation where some components of the covariate vector may be
subject to measurement error, that is Z # Xj. In this case the naive estimators (1) may be
inconsistent and it is not so simple to solve the bridge equations (3,4). For this section we
shall make some simplifying assumptions. First we assume that the covariates do not vary
with time, i.e., X;; = X and Z, = Z. Second, we assume that the follow-up process H* is

independent of the covariates Z and X. Now the equations (3,4) become equivalent to:

mpE[e?Y] = ME[EXP], k=1,... K (10)
E[ZeZYEle??] = E[ZeXP)/E[eX?] (11)

(The equation (11) is obtained from dividing (4) by the sum of (3) over k = 1,...,K.) If
we have a validation data set (X;,Z;), i = 1,...,n/, we can approximate the expectations
above by the sample averages and use methods in Proposition 1 to form adjusted estimates
that will be consistent. This approach does not require us to postulate a measurement error
model of the relation between X and Z.

Often, some components of the covariate p-vector are measured without error — e.g.
treatment assignment (or gender) in the NPC trial data. Let X = (X', A"), Z = (Z', A),
where the sub-vector A is measured without error. Also let the regression parameter § =

!/

(3,7'), and the naive parameter b = (', ¢')’, corresponding to the partition of Z. In this
case from (10,11), we may obtain:

Proposition J. Suppose A is independent of X, Z, (and of the follow-up process H*).
Then the naive estimator of its corresponding regression coefficient is consistent, i.e., g =1.

Proof. We rewrite (11) as

Z 717 / Z ! 2 /
E(A)exp(Zb+Ag) E(A)exp(X,B—l—Aw

Eexp(Z'b+ Alg) Eexp(X'3 + Ay)
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Using the independence of A and (Z X ), the A-coordinates in this system of equations yield:

E[Aexp(Ag)] _  ElAexp(Ay)]
Elexp(A'g)] Elexp(A'y)]

(12)

Hence clearly g = v is a solution. To show it is unique, we note that (12) can be written as:
0,f(g) = 0,f(7), where f(g) = log E[exp(A’g)]. Note that

BE[AA exp(A'g)]  {E[Aexp(A'g)]}**
Elexp(Ag)] {Elexp(A'g)]}?

which is positive definite except in the trivial case when a’A is constant with probability one

for some non-zero a. (Here E(v) denotes E [v (%)] for any v.) Thus f(g) is strictly

convex and g =« is the unique solution to (12).

0,0,f(a) = BAA — (BA)®

For example, Proposition 4 applies when A is a treatment assignment variable in a
randomized clinical trial, and is, by design, independent of the covariates and the followup
process. Proposition 4 implies that A’s effect is consistently estimated using the partial
likelihood estimator (1), which neglects measurement error and random effects.

In order to proceed further and obtain analytic solutions to (10,11), we will need to
make modeling assumptions on the form of the measurement error, specifically the joint
distribution of X and Z. We say that the measurement error structure follows a conditional

normal (CN) model if we have

X|Z ~ N(C+C'Z %) (13)

for some general vector Cy, matrix C' and covariance matrix ». We partition the matrix
C' = (¥, ") so that C'Z = Q' Z + C";A. The model (13) holds for example if X and Z are
jointly normal, or (13) may arise from a regression calibration model (Carroll et al. 1995,
Secs. 1.3, 3). For this model we can solve (10,11):

Proposition 5. If the CN model holds then:

g=7v+ CAB, IN) = QB, my = Ak eXp{COB + %BIZB} (14)

Proof. We can solve the equations (10) and (11) by first conditioning on Z when taking
the expectations on the right hand sides. Using the expression for the moment generating

function of the multivariate normal distribution of X given Z we have that
/ /2 / ~ 1 ~ ~ ~ ~ ~
E(eX?12) = B(e™7*7|2) = exp{(CoB + 5A'8) + Z'(2B) + A'(y + Caf)}.

A solution (14) can now be easily read off as given by the proposition. The uniqueness of

this solution can be demonstrated in a similar way as in the proof of Proposition 4.
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We see immediately that, when measurement error is present, the naive estimators are

no longer consistent for the original parameters. We invert the relations (14) to obtain
- - I D
y=g—0CaQ7, B=Q7'b, Ay =myexp{—CoQ b~ §b'Hb}, (15)

where IT = (Q71)XQ 1. The third equations in (14) and (15) lead to the following relations

for the baseline cumulative intensity Ao(t) = Y p<; A
1. I D
mo(t) = Ao(t) eXp{C()ﬂ + éﬁ'Eﬁ} and Ao(t) = mo(t) exp{—C’OQ_lb - §b/Hb} (16)

The equations (15) and (16) tell us how to form consistent estimators for the parameters of
interest from the naive estimators in (1). However the constants C4, © and II relating to the
measurement error model may not be known and in general will need to be estimated from a
separate “validation” study, as is commonly the case when there is measurement error (e.g.,
Carroll et al. 1995, p.12). For the NPC trial data, such estimates were available — see the
next section. In many situations we can simply take the constant vector Cy of the CN model
to be zero by suitably re-centering the covariates. For example, Cy = 0 if X and Z are both
re-centered to have zero mean for subjects with covariate A equal to zero. From now on we
will take Cy = 0.

The CN model also arises from a normal additive (NADD) model, where it is assumed

Z=X+U,X~N(0,%z), U~ N(0,%p), (17)

and X and U are mutually independent and both independent of A.
It can be seen that the NADD model gives a CN model in which Cy = C'y = 0, and

Q=%.'Y%, Y=XyX;'S;, whereX; =233 +%p.

The matrix Q is called the “attenuation” matrix. When X is a scalar, we see that the NADD
model implies that 0 < 2 < 1.

Now we consider the asymptotic variances of these estimators. Similar to Section 5,
we consider a special situation when the {Y;;} are conditionally Poisson distributed, with
constant overdispersion parameter k = Var(¢|Z*, X*, H*). Suppose we have a conditional
normal (CN) model for the measurement error structure. Consider the naive estimators b
and my’s first. Naive and robust calculation of the asymptotic variance of the naive MLE b
are based on (nZ)~ ! and n~'Z 'VZ ! respectively. An argument similar to that in Section 5

yields:

1\ ®2
V-1I=E|{T°E*"|2)+ T*Var(eX?|2)} (z - %) ] (18)
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which is positive definite. Hence Avar(?)j) > AvarN(Z)j), for all j = 1,...,p. Similarly it
can be shown that Avar(mg(t)) > Avary(me(t)), for all ¢t = 1,..., K. The inequalities
are strict if kK > 0 and there exists no non-zero constant vector a = (ay,...,a,) such that
Var(3h_, aqZ,) = 0. We note that the variance inflation in (18) contains a term proportional
to k due to random effects, as well as another proportional to Var(eX'ﬁ|Z ) contributed by
the measurement error in Z.

Because, unlike the situation in Section 4, the naive MLEs are not consistent for (Ay, 3),
we must use the double-sandwich formula to estimate the asymptotic variances of the ad-
justed estimates Ay and B in general. However when A is the treatment variable in a
randomized clinical trial, in which X is assumed independent of A conditional on Z, we

have C4 = 0 and v = g. In this situation, the asymptotic variances of particular interest

are Avar(¥) = Avar(g) and Avar(3) = Q71 Avar(b)(Q271)". (These can be obtained either
by directly using the delta method or formally calculating the D-matrix in Section 3). The

asymptotic variance of Ag(t) can also be obtained from (16) as

Avar{Ao(t)} = e P Avar{ing(t)} + m2(t)VI'{ Avar (b) }Tb
—my(t) Acov{mg (t), b}Ib — my(t)b'TI Acov{b, 1o (t)}]. (19)
(Here we have taken Cj to be zero in the CN model.) In the above expressions, the asymptotic

variances and covariances for the naive estimates are given by equation (20) in Appendix A,

and b and my(t) can be estimated by the naive estimates, b and rig(t), respectively.

To illustrate the meaning of these results consider the case when b = (b, g) consists of
two scalars (i.e., p = 2) and we have C'y = 0 in the CN model (e.g., as in the NADD model).
Then v = g, 8 = Q'b, Avar(b) > Avary(b), and Avar(j) > Avary(j). However, for
inference on v, asymptotically, the magnitude of the adjusted Z value

Al g
\/Avar(”y) \/Avar(g) \/AvarN(g)

Thus when adjusted, the significance of the regression coefficient v is diminished. For infer-

| Zaq5.| = = |Zn|

ence on 3, the regression coefficient for the predictor measured with error, asymptotically

5 Q-1 b b
PO I i b b

— = = = = < — = |ZN|
\/Avar(ﬁ) \/Avar(Q‘lb) \/Avar(b) \/AvarN(b)
Again, the significance of the regression coefficient is diminished, even though the adjusted
estimate 3 is greater in magnitude then the naive one, because the adjusted asymptotic
variance more than compensates for this. Of course these results pertain to asymptotic

limits — in finite samples, these relations may not hold exactly.
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In the above discussion we have been treating the parameters Q! and II as known. In
practice, as noted in Section 3, they will usually need to be estimated from some auxiliary
or “validation” data set and will be themselves subject to sampling error. In the example
of the next section we show how uncertainty in these parameters can be incorporated into
inferences on 7, § and Ag(t).

In summary, the usual partial likelihood procedure will give a consistent estimate for
the treatment effect v. However, in general the naive asymptotic variance from 77! does
not account for the model complications such as random effects and measurement errors
neglected by the naive model, and the robust variance should be used instead, which is valid
for evaluating the asymptotic variance of 4 whatever the true probability model is. For the
overdispersed Poisson models, the naive asymptotic variance tends to be an underestimate.
When the robust asymptotic variance is used instead, a smaller Z-value for the Wald statistic
will usually result. Naive estimates of regression coefficients for variables measured with error

are attenuated. All these features are exhibited in the application in Section 7.
7. APPLICATION TO NPC TRIAL DATA

We now illustrate these methods with an analysis of the SCC recurrences in the NPC
trial reported in Clark et al. (1996) and described in Section 1. We use two covariates,
namely treatment assignment indicator (A= 1 for Se supplemented group, A=0 for placebo)
and Z, the logarithm of baseline plasma Se status, centered to have zero mean for placebo
subjects. Se status is measured in units of ng/ml. Because of imprecise measurement
instrumentation and natural temporal biological variability, Z is measured with error, with
its hypothetical true value X unknown. We use the simple normal additive model (NADD),
whereby Z = X + U, as introduced in the previous section. For the parameters of this
model we use values ¥z = 0.1062 (0.048?), ¥y = 0.1512 (0.0212), being scalars since Z is
one-dimensional. These values, with standard errors (s.e.’s) in parentheses, were estimated
from a validation data set based on replicate plasma Se measurements in placebo patients.
The details are given in Appendix B, where we also show how the same data set can be
used to check the adequacy of the NADD model assumptions. A similar strategy was used
in Turnbull et al. (1997, Sec. 6.3), but their estimates differ from ours because they used
an earlier and smaller interim data set. From these values, we obtain the attenuation factor
of Q7' = (5 + Xp)/Z5 = 3.01 (046), and II = Q7'ZQ = Q7' = 0.261% (0.108?)
where ¥ = X%y /(X5 + Xpy). The standard errors given for Q' and IT were obtained from
those of Xy and Xy through use of the delta method or “propagation of errors” formulae —
details are also shown in Appendix B.

Table 1 shows the results of fitting the semiparametric models. In Models 1a,1b, we fit

only the treatment assignment variable and see that, with a naive analysis using a variance
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estimator based on n'Z~! which neglects any potential random effects (Model 1a) , there
appears to be a significant harmful effect of treatment. When robust variance estimates
are used which automatically account for any random effects (Model 1b), the magnitude
of the effect is unchanged, but the effect is no longer statistically significant. This agrees
qualitatively with the results of a logrank test based on time to first SCC occurrence only,
that was reported by Clark et al. (1996). In Models 1c,1d, we also adjust for the presence
of the covariate Z, baseline plasma Se status. Again the treatment effect becomes insignif-
icant once random effects and measurement errors are taken into account. The significance
of the baseline Se status is diminished but Se status still remains highly significant as a
prognostic factor for SCC occurrence, thus agreeing with earlier epidemiologic evidence. It
should be noted that these results are based on regarding the measurement error model (or
“validation”) parameters Q! = 3.01, and IT = 0.261? as known. Sensitivity analyses can be
based on replacing Q' = 3.01 by Q! + s.e.(271), say, but the adjusted Z values will re-
main unchanged for any value of Q1. since the latter contributes to the adjusted estimates
of the regression parameters and their standard errors in the same proportion. However,
for confidence intervals, we need to account for the extra variation stemming from the fact
the measurement error model parameters are only estimated. Because E = Q’lz, an upper
bound for the s.e. of (é) can be found using results on propagation of errors for products
— e.g., see Taylor (1997, Eqn 3.8). Using the robust s.e. of 0.320 for b and estimates given

above and in Table 1, we have

A

sel(B 2 s.e;(i)) s.e.(271)
o < il )

.32 4
= 2.181{M+0 0

—} = 1.281
0.690 3.01

This standard error for (,8’) can be used in place of the one entered in the table (0.963) which
ignored the uncertainty in Q. A nominal 95% confidence interval constructed using this
upper bound of s.e.(é) is conservative and contains zero. The s.e. of 4 is unaffected since
it does not depend on the validation parameters under the NADD model, or more generally

due to Proposition 4.
[Table 1 and Figure 1 about here.|

Figure 1 shows the naive and adjusted estimates of the baseline cumulative intensity
function. The naive estimate 7 (t) is larger than the adjusted consistent estimator Ag() as
stated in Section 6, although the difference is extremely small and hard to distinguish. This

is because the ratio of the two estimators, given by ez ®)@7yBaTh 1.0164, is very close

19



to one. In general, when this happens, the influence of covariate measurement error on the
baseline cumulative intensity estimator is negligible. In Figure 1 we have also plotted the
pointwise 95% confidence bands for 1, (t) based on the naive asymptotic variance obtained
from (22) based on (nlI)~!, as well as bands based on the robust asymptotic variance (19)
for the consistent estimator Ag(t). In this case, when account is taken of the fact that
the measurement error model parameter II is not known but estimated from the validation
data set, the increase in the standard error is very small — the increase in the coefficient
of variation of Ag(t) is less than 0.3%. (This comes from a propagation of errors formula
similar to that used for S.G.(E).)

A parametric model of constant baseline intensity rate with Ag(t) = ¢ exp(«) is suggested
by Figure 1. Upon fitting such a parametric model, the results, corresponding to those for
Models 1a-1d in Table 1, are shown as Models 2a-2d in Table 1. Results from Models 2c and
2d, based on a Poisson process regression model, can be compared with results from a neg-
ative binomial regression model used in Tables I and II of Turnbull et al. (1997). However,
it should be recognized that Turnbull et al. (1997) used an earlier and much smaller interim
data set from the NPC trial. One benefit of fitting a semiparametric model is to validate
a fully parametric model, such as here using Figure 1 to justify the adequacy of a constant
baseline intensity rate; parametric models have advantages for prediction, interpretation and
communication. It is also noted that the results of s.e.(,g’) in Model 2d neglect to account
for the extra variation stemming from the fact the measurement error model parameters
Q7! and II are only estimated, and considerations similar to the semi-parametric situation
(Model 1d) apply. II} this case, incorporating uncertainty in these estimates leads to an

upper bound for s.e.(3) of 1.297 instead of 0.963.

8. DISCUSSION OF ASSUMPTIONS

It should be noted that, whereas inferences concerning treatment effect, as in our NPC
example, are robust, those which involve covariates measured with error are model depen-
dent. In particular, the NADD model assumption can be checked if there is a validation
data set in which pairs (XZ-, Z) are available. In that case, normal probability plots of the
components of the {X;} and {Z;} can reveal any departures from normality, and scatter
plots of {Zi - X;, Xi} or other tests can be used to check independence of U = Z — X and
X — see Appendix B.

Many of our results can be easily adapted to an arbitrary link function, not necessarily
the loglinear one. However, the Propositions 4 and 5 do depend critically on the loglinear

link function that relates the covariates to the response rates. As mentioned in Section 2,
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a log-linear link function is the natural one and often reasonable, possibly after suitable
transformation of the covariates (see, e.g., Andersen et al. 1993, page 547). Of course, for
the two-sample comparison, use of the loglinear link is not restrictive because Z is then
only a zero-one indicator. It is possible to perform diagnostic checks for the log-linearity.
For example, all subjects can be binned into L sets, say, according to covariate value Z.
When the crude event rate for each set is plotted on the log scale versus mean values of each
covariate component for that set, the resulting p scatter plots should appear approximately
linear. In our NPC example, we binned into sets of approximately 40 subjects according to
baseline plasma Se status and treatment group. Upon fitting a loess line through a scatter
plot, not shown, of log SCC event rates versus log baseline plasma Se status, the result was
approximately linear, suggesting adequacy of the loglinear link function.

A fundamental assumption implied by the conditions stated in Section 2, is that the
underlying event rates should be independent of the observation process H*. In the case of
right censoring only, this would be satisfied if the length of followup or observation time for
each subject is independent of the event process of that subject. However certain situations
are excluded, such as for example when: (i) a subject is more likely to leave the study earlier
if he has a higher frequency of events; or (ii) a subject is withdrawn from the study as soon
as he has experienced a fixed number, r say, of events. In such a case, subjects with higher
frailties (higher event rates) would be less likely to be still at risk at later time periods,
resulting in an underestimate of the intensity function there.

Lawless and Nadeau (1995, p.164) propose several tests of the independent observation
time assumption. For our NPC trial data, we performed their two Wald-type tests which
are based on including an extra covariate of either (a) the length of observation time or
follow-up time, T say; or (b) an indicator on whether 7' is longer than the median (here
2795 days). The second test (b) yielded a Z-value of —0.65 for the new covariate, which is
not significant. This indicates no evidence against the independence assumption. On the
other hand, the first test (a) did indicate a marginally significant negative relation between
the event frequency and the follow-up length. However as Lawless and Nadeau (1995) point
out, this test is highly sensitive to influential observations. We calculated the correlation
between the event rate (number of events divided by 7T") and the follow-up length (7). This
was done separately for the placebo and Se group patients. The correlations are —0.0194
and —0.0931 respectively, whereas the 3% trimmed correlations were +0.0039 and +0.0032.
Thus the data seemed generally consistent with the independence assumption. Also there
was nothing in the protocol of the design or conduct of the followup that would lead to a
suspicion that there should be nonindependence of the event processes and the observation

times.
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Finally, we remark that the methodology here is based on large sample asymptotic theory.
Although the data set we used in our illustration was quite large, it would be of interest to

investigate finite sample properties of the procedure.
APPENDIX A: ASYMPTOTIC VARIANCE ESTIMATORS

In this Appendix, we give expressions for robust variance estimates for the naive estima-
tors (1). These robust expressions are valid in presence of random effects and measurement
error. Variances of the naive estimates involve quantities V' and I via result (A) of Propo-
sition 1. The robust variance estimators are constructed from I and V, obtained by substi-
tuting the expectations in I and V' with sample analogs and replacing the naive parameters
b and m by the naive estimates b and m, respectively.

The parameter (row)-vector s’ can be partitioned into a K-dimensional sub-vector m' =

(my, ..., mg) and a p-dimensional sub-vector b. We adopt the fairly standard notation

"= ZHikeZZ{kB’ S = ZHikZikeznga S = ZszszZ el By =50 /s0).

T = —00L = S (3 HuYi) (SO /SO — ELE}).
k 7

7 is exactly the same as the sample information matrix obtained by taking second order
derivative of the partial log likelihood £ with respect to b. Thus Z-' = Avary(b) is the
asymptotic variance matrix used in the naive partial likelihood analysis that ignores any
random effects or measurement error, which is not robust.

Define the K-dimensional sub-vectors {A;;} by components:

Ai)r = ou( Z ji€ Zjib mlElli—il(Zik —-E), 1=1,...\K

and the p-dimensional sub-vector (By) = i_l(Zik — E)). Here ¢y is the Kronecker delta.
By the sandwich formula, we estimate the robust asymptotic variance by Avar(3) =
(nd) "2 (nV)(nI)~!, where § = (1/,¥). The result is

Ak

ik

}®2'

Avar

Tg ] Z{Z sz ik — mkezl B)

These equations enable us to calculate the variance estimators for m; and b. We can

show that the robust asymptotic variance estimator for b can be put in the sandwich form

—

Avar(b) = Z-'VI " where V = Z{Z Hy, (Yo — mgeZin )(Zk — E;)}%2
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Here V is the sample variance estimator for the score function corresponding to the partial
log likelihood L.

The asymptotic variance for 1 (t), the naive estimate of the baseline cumulative intensity,
can then be expressed in terms of those of m;’s. The asymptotic covariance matrix estimator

of the vector (rg(t), ') and (ring(s),¥')’ is given by the following formula:

= {lmq(t)]’[m({(s) }; A’(;Bﬁmq(t) o (s)} Acov{mo(f ] Z e
b b Acov{b, my(s)} Avar(b)
(20)
Si<i(Air )

where G;(t) = ZHik(sz — mkezi’“ﬁ)

In particular,

®2
A/’UET {mg } Z [ZZH”C ( ik — mke ”f ) {(5lk Z le Jl — mlElliil(Zlk — Ek)}
i i<t k

(21)

On the other hand, the naive asymptotic variance can be obtained by

A/U\G/I‘N {mo(t)} = ZZACOUN(ml,mk ka Zer 71 +ZZTATL1EII:Z'71E/€TATL/€
1<t k<t k<t 1<t k<t

(22)

In the continuous limit, (22) is consistent with the formula on page 505 of Andersen et al.
(1993). When random effects or measurement errors exist, however, we should use the robust

variance estimator in (21).
APPENDIX B: VALIDATION DATA SET

In Section 6, it was assumed that the parameters of the measurement error model were
known. Usually, however, this will not be the case and they must be estimated from an
auxiliary or “validation” data set. In this Appendix we describe the estimation of the
parameters in the NADD model used for the analysis of the NPC trial data set described in
Section 7.

For all patients in the NPC trial, plasma Se measurements were taken serially at approx-
imate six month intervals, and not just at baseline (randomization). Assuming stationarity,
the repeated readings from each placebo patient should represent replicated measurements of
X for that patient. We are including the natural biological temporal variation in Se plasma
levels as well as instrument error as components of the “measurement” error. Recall that
X represents the long run mean level for an individual untreated patient. Of course, we do

not include Se readings of treated patients since their subsequent levels would be affected
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by the nutritional supplements of Se they were taking. The stationarity assumption can be
examined by checking that the group mean Se levels remain approximately constant over
time and by using control chart techniques (Montgomery 1997) on the longitudinal series
of measurements in samples of individual placebo subjects. For the NPC trial data, the
stationarity assumption seemed reasonable. There were 647 placebo patients with baseline
Se levels recorded. Let Zﬂ, Zm, ey Zm denote the replicate log(Se) readings for the ith
placebo patient (i = 1,...,647). We obtain estimates of uy = p; and of 5 = X4 + Xy
from the baseline readings {Z }:

fig=hy; = =XM1 7Z = 4.719

E~ = ﬁ ?171(211—@2)2 = 0.1852

An estimate of Xy can be obtained from the pooled within placebo subject variability:

S (Ziy — Z4)?

=0.151%.
v T (ri — 1)

Standard errors for 3 7 and Sy can be based on the variance of the chi-squared distribution:
s.e.(X) ~ 3,/2/d.f.. For ¥;, we have d.f. = 647 — 1 = 646 and the standard error is
s.e.(33) = 0.0442. For %y, we have d.f. = Y%7 (r; — 1) = 5225 and the standard error is
s.e.(3y) = 0.021%. Finally we have Xz = %5 — 3y = 0.106% with standard error bounded
above by s.e.(3;) + s.e.(3y) = 0.0482 (e.g., Taylor, 1997, Eqn. 3.4).

These estimates in turn lead us to estimates of the attenuation factor:
Q' =1+[8y/S4]=3.01 (0.46)
and
=015, =0.261% (0.108%).

The standard errors in parentheses were calculated from those of £y and f)X by using
bounds obtained from standard propagation of errors formulae for products and quotients
(e.g., Taylor, 1997, Eqn. 3.8):

N A ~ i Z €. i"
se () = se.(Sy/Se) < <A ) (Se v) | sel XJ)
X% Y%
1512\ [.0212 0482
( 106 ) ( 1512 .1062> 0455
Similarly,
. . (se () se(D
se(ll) < H(S e7)  sel U)>
Q-1 EU
455 0212
= 0.261% [ — = 0.108?
026 (3. 1+.1512> 0.108



The validation data set can also be used to check the distributional assumptions on X and
U in the normal additive covariate error model (NADD, Section 6). To do this, we restricted
ourselves to the 322 placebo patients for whom ten or more serial Se readings were available at
the time of the analysis, i.e., those patients with r; > 10. For such patients, the mean log(Se)
reading should be a reasonably accurate estimate of the “true” X-value. Thus we replace
X, with )%l = E, = %Zj Zij. The {Z,} are of course the initial log(Se) readings taken at
randomization, that is Z; = Z;;. We can then take U; to be U; = Z; — )%i, (1<i<322). A
small correlation between the {U;} and the {)AZ ;} would indicate the appropriateness of the
independence assumption. Here, this correlation was computed to be —0.087 (A robust 10%
trimmed estimate was —0.024). Similarly histograms and probability plots of the {Ul} and
the {)AN( ;} indicate the adequacy of the normality assumption, see Figure 2. Note that these

plots are made before the zero-mean re-centering of the log(Se) readings.

[Figure 2 about here.]
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Table 1: Statistical analyses for several models of NPC trial SCC data

Model Treatment Baseline Se
estimate  (s.e.) Z-value | estimate  (s.e.) Z-value
1) Semi-parametric
a) Naive §=0.118 (0.059)  2.014 — — —
b) Adjusted 4=0.118 (0.124)  0.954 — — —
¢) Naive G=0.117 (0.059) 1.975 | b=—0.690 (0.146) —4.737
d) Adjusted 4=0.117 (0.125) 0.933 | f=—2.076 (0.963) —2.155
2) Constant Intensity
a) Naive §=0.124 (0.059) 2.114 — — —
b) Adjusted 4=0.124 (0.124)  1.002 — — —
¢) Naive §=0.122  (0.059) 2.058 | b=—0.725 (0.145) —4.983
d) Adjusted 4=0.122 (0.125) 0.972 | f=—2.181 (0.963) —2.264

Note: In (a), (b), only treatment is included in model. In (c),(d), Baseline Se is also included.
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Captions for Figures

Figure 1: Estimate of baseline cumulative intensity function for SCC recurrence data
for NPC trial. The dashed lines are the estimate and pointwise 95% confidence limits based
on the naive analysis. The solid lines are the estimate and pointwise 95% confidence limits

based on a robust analysis adjusted for random effects and covariate measurement error.

Figure 2: Normal probability plots and histograms of the estimated measurement errors
{U:} (in graphs labeled by U) and the estimated true log(Se) levels {X;} (in graphs labeled
by X) for 322 placebo group patients of the NPC trial with ten or more serial Se readings.
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